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Higgs boson discovery in 2012 
@ the LHC 

Now the Standard Model is 
Complete!
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In particular the Yukawas!



The LHC is the first machine able to probe these couplings!

First direct observation of H coupling to quarks,  @ LHCtt̄H

THE NEED OF PRECISION



THE NEED OF PRECISION

We have just discovered a new fundamental interaction! 

A lot of space for improvement in coming years

Amplitudes 2020 (Zoom@Brown)Gavin P. Salam

e.g. CMS 1804.02610 on ttH (~80 fb-1)

➤ overall on ttH, theory systematics are about the same as statistical and experimental 
systematics 

➤ statistical error has potential to go down by  at the HL-LHC (factor ~40 in data) 

➤ useless if theory doesn’t keep up. 

➤ both signals and backgrounds matter
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Table 1: Best fit value, with its uncertainty, of the ttH signal strength modifier µttH, for the five
individual decay channels considered, the combined result for 7+8 TeV alone and for 13 TeV
alone, and the overall combined result. The total uncertainties are decomposed into their sta-
tistical (Stat), experimental systematic (Expt), background theory systematic (Thbgd), and sig-
nal theory systematic (Thsig) components. The numbers in parentheses are those expected for
µttH = 1.

Uncertainty
Parameter Best fit Stat Expt Thbgd Thsig

µWW⇤

ttH
1.97+0.71

�0.64
+0.42
�0.41

+0.46
�0.42

+0.21
�0.21

+0.25
�0.12⇣

+0.57
�0.54

⌘ ⇣
+0.39
�0.38

⌘ ⇣
+0.36
�0.34

⌘ ⇣
+0.17
�0.17

⌘ ⇣
+0.12
�0.03

⌘

µZZ⇤

ttH
0.00+1.30

�0.00
+1.28
�0.00

+0.20
�0.00

+0.04
�0.00

+0.09
�0.00⇣

+2.89
�0.99

⌘ ⇣
+2.82
�0.99

⌘ ⇣
+0.51
�0.00

⌘ ⇣
+0.15
�0.00

⌘ ⇣
+0.27
�0.00

⌘

µgg
ttH

2.27+0.86
�0.74

+0.80
�0.72

+0.15
�0.09

+0.02
�0.01

+0.29
�0.13⇣

+0.73
�0.64

⌘ ⇣
+0.71
�0.64

⌘ ⇣
+0.09
�0.04

⌘ ⇣
+0.01
�0.00

⌘ ⇣
+0.13
�0.05

⌘

µt+t�

ttH
0.28+1.09

�0.96
+0.86
�0.77

+0.64
�0.53

+0.10
�0.09

+0.20
�0.19⇣

+1.00
�0.89

⌘ ⇣
+0.83
�0.76

⌘ ⇣
+0.54
�0.47

⌘ ⇣
+0.09
�0.08

⌘ ⇣
+0.14
�0.01

⌘

µbb
ttH

0.82+0.44
�0.42

+0.23
�0.23

+0.24
�0.23

+0.27
�0.27

+0.11
�0.03⇣

+0.44
�0.42

⌘ ⇣
+0.23
�0.22

⌘ ⇣
+0.24
�0.23

⌘ ⇣
+0.26
�0.27

⌘ ⇣
+0.11
�0.04

⌘

µ7+8 TeV
ttH

2.59+1.01
�0.88

+0.54
�0.53

+0.53
�0.49

+0.55
�0.49

+0.37
�0.13⇣

+0.87
�0.79

⌘ ⇣
+0.51
�0.49

⌘ ⇣
+0.48
�0.44

⌘ ⇣
+0.50
�0.44

⌘ ⇣
+0.14
�0.02

⌘

µ13 TeV
ttH

1.14+0.31
�0.27

+0.17
�0.16

+0.17
�0.17

+0.13
�0.12

+0.14
�0.06⇣

+0.29
�0.26

⌘ ⇣
+0.16
�0.16

⌘ ⇣
+0.17
�0.16

⌘ ⇣
+0.13
�0.12

⌘ ⇣
+0.11
�0.05

⌘

µttH
1.26+0.31

�0.26
+0.16
�0.16

+0.17
�0.15

+0.14
�0.13

+0.15
�0.07⇣

+0.28
�0.25

⌘ ⇣
+0.15
�0.15

⌘ ⇣
+0.16
�0.15

⌘ ⇣
+0.13
�0.12

⌘ ⇣
+0.11
�0.05

⌘

five decay channels considered, are shown in the upper section of Fig. 2 along with their 1
and 2 standard deviation confidence intervals obtained in the asymptotic approximation [44].
Numerical values are given in Table 1. The individual measurements are seen to be consistent
with each other within the uncertainties.

We also perform a combined fit, using a single signal strength modifier µttH, that simultane-
ously scales the ttH production cross sections of the five decay channels considered, with all
Higgs boson branching fractions fixed to their SM values [35]. Besides the five decay modes
considered, the signal normalizations for the Higgs boson decay modes to gluons, charm
quarks, and Zg, which are subleading and cannot be constrained with existing data, are scaled
by µttH. The results combining the decay modes at 7+8 TeV, and separately at 13 TeV, are shown
in the middle section of Fig. 2. The overall result, combining all decay modes and all CM ener-
gies, is shown in the lower section, with numerical values given in Table 1. Table 1 includes a
breakdown of the total uncertainties into their statistical and systematic components. The over-
all result is µttH = 1.26 +0.31

�0.26, which agrees with the SM expectation µttH = 1 within 1 standard
deviation.
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⌘ ⇣
+0.09
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⌘ ⇣
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�0.00

⌘ ⇣
+0.13
�0.05

⌘
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+0.86
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�0.09
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�0.19⇣

+1.00
�0.89

⌘ ⇣
+0.83
�0.76

⌘ ⇣
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�0.08

⌘ ⇣
+0.14
�0.01

⌘
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⌘ ⇣
+0.23
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⌘ ⇣
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⌘ ⇣
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+0.51
�0.49

⌘ ⇣
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⌘ ⇣
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�0.44

⌘ ⇣
+0.14
�0.02

⌘
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�0.27
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�0.16

+0.17
�0.17

+0.13
�0.12

+0.14
�0.06⇣

+0.29
�0.26

⌘ ⇣
+0.16
�0.16

⌘ ⇣
+0.17
�0.16

⌘ ⇣
+0.13
�0.12

⌘ ⇣
+0.11
�0.05

⌘

µttH
1.26+0.31

�0.26
+0.16
�0.16

+0.17
�0.15

+0.14
�0.13

+0.15
�0.07⇣

+0.28
�0.25

⌘ ⇣
+0.15
�0.15

⌘ ⇣
+0.16
�0.15

⌘ ⇣
+0.13
�0.12

⌘ ⇣
+0.11
�0.05

⌘
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Higgs boson branching fractions fixed to their SM values [35]. Besides the five decay modes
considered, the signal normalizations for the Higgs boson decay modes to gluons, charm
quarks, and Zg, which are subleading and cannot be constrained with existing data, are scaled
by µttH. The results combining the decay modes at 7+8 TeV, and separately at 13 TeV, are shown
in the middle section of Fig. 2. The overall result, combining all decay modes and all CM ener-
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⌘ ⇣
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⌘ ⇣
+0.14
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+0.27
�0.27
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⌘ ⇣
+0.23
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⌘ ⇣
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⌘ ⇣
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⌘ ⇣
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⌘
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ttH
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�0.53

+0.53
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⌘ ⇣
+0.51
�0.49

⌘ ⇣
+0.48
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⌘ ⇣
+0.50
�0.44

⌘ ⇣
+0.14
�0.02

⌘

µ13 TeV
ttH

1.14+0.31
�0.27

+0.17
�0.16

+0.17
�0.17

+0.13
�0.12

+0.14
�0.06⇣

+0.29
�0.26

⌘ ⇣
+0.16
�0.16

⌘ ⇣
+0.17
�0.16

⌘ ⇣
+0.13
�0.12

⌘ ⇣
+0.11
�0.05

⌘

µttH
1.26+0.31

�0.26
+0.16
�0.16

+0.17
�0.15

+0.14
�0.13

+0.15
�0.07⇣

+0.28
�0.25

⌘ ⇣
+0.15
�0.15

⌘ ⇣
+0.16
�0.15

⌘ ⇣
+0.13
�0.12

⌘ ⇣
+0.11
�0.05

⌘

five decay channels considered, are shown in the upper section of Fig. 2 along with their 1
and 2 standard deviation confidence intervals obtained in the asymptotic approximation [44].
Numerical values are given in Table 1. The individual measurements are seen to be consistent
with each other within the uncertainties.

We also perform a combined fit, using a single signal strength modifier µttH, that simultane-
ously scales the ttH production cross sections of the five decay channels considered, with all
Higgs boson branching fractions fixed to their SM values [35]. Besides the five decay modes
considered, the signal normalizations for the Higgs boson decay modes to gluons, charm
quarks, and Zg, which are subleading and cannot be constrained with existing data, are scaled
by µttH. The results combining the decay modes at 7+8 TeV, and separately at 13 TeV, are shown
in the middle section of Fig. 2. The overall result, combining all decay modes and all CM ener-
gies, is shown in the lower section, with numerical values given in Table 1. Table 1 includes a
breakdown of the total uncertainties into their statistical and systematic components. The over-
all result is µttH = 1.26 +0.31

�0.26, which agrees with the SM expectation µttH = 1 within 1 standard
deviation.

For Example, from CMS 1804:02610

1. Theory uncertainty ~ statistical and experimental uncertainty ~ 15-20% 

2. Statistical error could go down of a factor of 6 at HL-LHC  ~ 2-5%
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Factorisation of long and 
short range physics 

Non perturbative 
corrections
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Precise determination of 
parton content of proton 

PDFs Currently known  
at level ~ few % for LHC

PRECISION PHYSICS AT THE LHC: HOW FAR CAN WE GO?

Reaching these precisions @ the LHC, is no piece of cake: QCD is complicated…!

Parton Showers 

Hadronisation 

Detector Simulation
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<latexit sha1_base64="1N93Tt1LVoHatTPZReEYuRIDqRk=">AAACGHicbVBNS8MwGE7n15xfVY9egkMQhNkOQY9DLztOcFthLSXNsi0sTUOSCqPsZ3jxr3jxoIjX3fw3plsR3Xwg5Hme931J3icSjCrtOF9WaW19Y3OrvF3Z2d3bP7APjzoqSSUmbZywRHoRUoRRTtqaakY8IQmKI0a60fgur3cfiVQ04Q96IkgQoyGnA4qRNlZoXwrh6wQ2oQfzm4Uu9CMkMzY17MLo+o+uG+2FdtWpOXPAVeIWpAoKtEJ75vcTnMaEa8yQUj3XETrIkNQUMzKt+KkiAuExGpKeoRzFRAXZfLEpPDNOHw4SaQ7XcO7+nshQrNQkjkxnjPRILddy879aL9WDmyCjXKSacLx4aJAyaCLIU4J9KgnWbGIIwpKav0I8QhJhbbKsmBDc5ZVXSadec52ae39VbdwWcZTBCTgF58AF16ABmqAF2gCDJ/AC3sC79Wy9Wh/W56K1ZBUzx+APrNk3W4udcQ==</latexit><latexit sha1_base64="1N93Tt1LVoHatTPZReEYuRIDqRk=">AAACGHicbVBNS8MwGE7n15xfVY9egkMQhNkOQY9DLztOcFthLSXNsi0sTUOSCqPsZ3jxr3jxoIjX3fw3plsR3Xwg5Hme931J3icSjCrtOF9WaW19Y3OrvF3Z2d3bP7APjzoqSSUmbZywRHoRUoRRTtqaakY8IQmKI0a60fgur3cfiVQ04Q96IkgQoyGnA4qRNlZoXwrh6wQ2oQfzm4Uu9CMkMzY17MLo+o+uG+2FdtWpOXPAVeIWpAoKtEJ75vcTnMaEa8yQUj3XETrIkNQUMzKt+KkiAuExGpKeoRzFRAXZfLEpPDNOHw4SaQ7XcO7+nshQrNQkjkxnjPRILddy879aL9WDmyCjXKSacLx4aJAyaCLIU4J9KgnWbGIIwpKav0I8QhJhbbKsmBDc5ZVXSadec52ae39VbdwWcZTBCTgF58AF16ABmqAF2gCDJ/AC3sC79Wy9Wh/W56K1ZBUzx+APrNk3W4udcQ==</latexit><latexit sha1_base64="1N93Tt1LVoHatTPZReEYuRIDqRk=">AAACGHicbVBNS8MwGE7n15xfVY9egkMQhNkOQY9DLztOcFthLSXNsi0sTUOSCqPsZ3jxr3jxoIjX3fw3plsR3Xwg5Hme931J3icSjCrtOF9WaW19Y3OrvF3Z2d3bP7APjzoqSSUmbZywRHoRUoRRTtqaakY8IQmKI0a60fgur3cfiVQ04Q96IkgQoyGnA4qRNlZoXwrh6wQ2oQfzm4Uu9CMkMzY17MLo+o+uG+2FdtWpOXPAVeIWpAoKtEJ75vcTnMaEa8yQUj3XETrIkNQUMzKt+KkiAuExGpKeoRzFRAXZfLEpPDNOHw4SaQ7XcO7+nshQrNQkjkxnjPRILddy879aL9WDmyCjXKSacLx4aJAyaCLIU4J9KgnWbGIIwpKav0I8QhJhbbKsmBDc5ZVXSadec52ae39VbdwWcZTBCTgF58AF16ABmqAF2gCDJ/AC3sC79Wy9Wh/W56K1ZBUzx+APrNk3W4udcQ==</latexit><latexit sha1_base64="1N93Tt1LVoHatTPZReEYuRIDqRk=">AAACGHicbVBNS8MwGE7n15xfVY9egkMQhNkOQY9DLztOcFthLSXNsi0sTUOSCqPsZ3jxr3jxoIjX3fw3plsR3Xwg5Hme931J3icSjCrtOF9WaW19Y3OrvF3Z2d3bP7APjzoqSSUmbZywRHoRUoRRTtqaakY8IQmKI0a60fgur3cfiVQ04Q96IkgQoyGnA4qRNlZoXwrh6wQ2oQfzm4Uu9CMkMzY17MLo+o+uG+2FdtWpOXPAVeIWpAoKtEJ75vcTnMaEa8yQUj3XETrIkNQUMzKt+KkiAuExGpKeoRzFRAXZfLEpPDNOHw4SaQ7XcO7+nshQrNQkjkxnjPRILddy879aL9WDmyCjXKSacLx4aJAyaCLIU4J9KgnWbGIIwpKav0I8QhJhbbKsmBDc5ZVXSadec52ae39VbdwWcZTBCTgF58AF16ABmqAF2gCDJ/AC3sC79Wy9Wh/W56K1ZBUzx+APrNk3W4udcQ==</latexit>

H

Factorisation of long and 
short range physics 

Non perturbative 
corrections

O

✓
⇤QCD

Q

◆
⇠ few percent?

<latexit sha1_base64="Ihq70898Pdoe0OYvOdWw0w9BBWs="></latexit><latexit sha1_base64="Ihq70898Pdoe0OYvOdWw0w9BBWs="></latexit><latexit sha1_base64="Ihq70898Pdoe0OYvOdWw0w9BBWs="></latexit><latexit sha1_base64="Ihq70898Pdoe0OYvOdWw0w9BBWs="></latexit>

Precise determination of 
parton content of proton 

PDFs Currently known  
at level ~ few % for LHC

HARD SCATTERING 

Aim to precision∼ %

PRECISION PHYSICS AT THE LHC: HOW FAR CAN WE GO?

Parton Showers 

Hadronisation 

Detector Simulation

Reaching these precisions @ the LHC, is no piece of cake: QCD is complicated…!



FIXED ORDER CALCULATIONS

�qq̄!gg =

Z
[dPS] |Mqq̄!gg|2

<latexit sha1_base64="ij6vSKktFuXijLKR2ATNdVJPIXQ="></latexit><latexit sha1_base64="ij6vSKktFuXijLKR2ATNdVJPIXQ="></latexit><latexit sha1_base64="ij6vSKktFuXijLKR2ATNdVJPIXQ="></latexit><latexit sha1_base64="ij6vSKktFuXijLKR2ATNdVJPIXQ="></latexit>

|Mqq̄!gg|2 =
��MLO

qq̄!gg

��2 +
⇣↵s

2⇡

⌘ ��MNLO

qq̄!gg

��2 +
⇣↵s

2⇡

⌘2 ��MNNLO

qq̄!gg

��2 + ...
<latexit sha1_base64="c5I0IL7hdsGPjBJU+IdIqn/fdhc="></latexit><latexit sha1_base64="c5I0IL7hdsGPjBJU+IdIqn/fdhc="></latexit><latexit sha1_base64="c5I0IL7hdsGPjBJU+IdIqn/fdhc="></latexit><latexit sha1_base64="c5I0IL7hdsGPjBJU+IdIqn/fdhc="></latexit>



|Mqq̄!gg|2 =
��MLO

qq̄!gg

��2 +
⇣↵s

2⇡

⌘ ��MNLO

qq̄!gg

��2 +
⇣↵s

2⇡

⌘2 ��MNNLO

qq̄!gg

��2 + ...
<latexit sha1_base64="c5I0IL7hdsGPjBJU+IdIqn/fdhc="></latexit><latexit sha1_base64="c5I0IL7hdsGPjBJU+IdIqn/fdhc="></latexit><latexit sha1_base64="c5I0IL7hdsGPjBJU+IdIqn/fdhc="></latexit><latexit sha1_base64="c5I0IL7hdsGPjBJU+IdIqn/fdhc="></latexit>

�qq̄!gg =

Z
[dPS] |Mqq̄!gg|2

<latexit sha1_base64="ij6vSKktFuXijLKR2ATNdVJPIXQ="></latexit><latexit sha1_base64="ij6vSKktFuXijLKR2ATNdVJPIXQ="></latexit><latexit sha1_base64="ij6vSKktFuXijLKR2ATNdVJPIXQ="></latexit><latexit sha1_base64="ij6vSKktFuXijLKR2ATNdVJPIXQ="></latexit>

~ O(100%-50%) 
precision 

FIXED ORDER CALCULATIONS



|Mqq̄!gg|2 =
��MLO

qq̄!gg

��2 +
⇣↵s

2⇡

⌘ ��MNLO

qq̄!gg

��2 +
⇣↵s

2⇡

⌘2 ��MNNLO

qq̄!gg

��2 + ...
<latexit sha1_base64="c5I0IL7hdsGPjBJU+IdIqn/fdhc="></latexit><latexit sha1_base64="c5I0IL7hdsGPjBJU+IdIqn/fdhc="></latexit><latexit sha1_base64="c5I0IL7hdsGPjBJU+IdIqn/fdhc="></latexit><latexit sha1_base64="c5I0IL7hdsGPjBJU+IdIqn/fdhc="></latexit>

�qq̄!gg =

Z
[dPS] |Mqq̄!gg|2

<latexit sha1_base64="ij6vSKktFuXijLKR2ATNdVJPIXQ="></latexit><latexit sha1_base64="ij6vSKktFuXijLKR2ATNdVJPIXQ="></latexit><latexit sha1_base64="ij6vSKktFuXijLKR2ATNdVJPIXQ="></latexit><latexit sha1_base64="ij6vSKktFuXijLKR2ATNdVJPIXQ="></latexit>

Virtual Real

+ ~ O(30%-10%) 
precision 

FIXED ORDER CALCULATIONS



THE NLO REVOLUTION (ONE-LOOP VIRTUAL AMPLITUDES)

=
X

i

C4
i

<latexit sha1_base64="LigGMtVU9BhAVwUy7RMa18dxPDw=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiuCqJFBREKHbjsoK9QBPDZDpph84kYWYi1FB8FTcuFHHre7jzbZxeFtr6w8DHf87hnPnDlDOlHefbWlpeWV1bL2wUN7e2d3btvf2mSjJJaIMkPJHtECvKWUwbmmlO26mkWISctsJBbVxvPVCpWBLf6WFKfYF7MYsYwdpYgX145V0iT2UiYAZqQc5G95XALjllZyK0CO4MSjBTPbC/vG5CMkFjTThWquM6qfZzLDUjnI6KXqZoiskA92jHYIwFVX4+uX6ETozTRVEizYs1mri/J3IslBqK0HQKrPtqvjY2/6t1Mh1d+DmL00zTmEwXRRlHOkHjKFCXSUo0HxrARDJzKyJ9LDHRJrCiCcGd//IiNM/KrlN2byul6vUsjgIcwTGcggvnUIUbqEMDCDzCM7zCm/VkvVjv1se0dcmazRzAH1mfP9XGlCw=</latexit><latexit sha1_base64="LigGMtVU9BhAVwUy7RMa18dxPDw=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiuCqJFBREKHbjsoK9QBPDZDpph84kYWYi1FB8FTcuFHHre7jzbZxeFtr6w8DHf87hnPnDlDOlHefbWlpeWV1bL2wUN7e2d3btvf2mSjJJaIMkPJHtECvKWUwbmmlO26mkWISctsJBbVxvPVCpWBLf6WFKfYF7MYsYwdpYgX145V0iT2UiYAZqQc5G95XALjllZyK0CO4MSjBTPbC/vG5CMkFjTThWquM6qfZzLDUjnI6KXqZoiskA92jHYIwFVX4+uX6ETozTRVEizYs1mri/J3IslBqK0HQKrPtqvjY2/6t1Mh1d+DmL00zTmEwXRRlHOkHjKFCXSUo0HxrARDJzKyJ9LDHRJrCiCcGd//IiNM/KrlN2byul6vUsjgIcwTGcggvnUIUbqEMDCDzCM7zCm/VkvVjv1se0dcmazRzAH1mfP9XGlCw=</latexit><latexit sha1_base64="LigGMtVU9BhAVwUy7RMa18dxPDw=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiuCqJFBREKHbjsoK9QBPDZDpph84kYWYi1FB8FTcuFHHre7jzbZxeFtr6w8DHf87hnPnDlDOlHefbWlpeWV1bL2wUN7e2d3btvf2mSjJJaIMkPJHtECvKWUwbmmlO26mkWISctsJBbVxvPVCpWBLf6WFKfYF7MYsYwdpYgX145V0iT2UiYAZqQc5G95XALjllZyK0CO4MSjBTPbC/vG5CMkFjTThWquM6qfZzLDUjnI6KXqZoiskA92jHYIwFVX4+uX6ETozTRVEizYs1mri/J3IslBqK0HQKrPtqvjY2/6t1Mh1d+DmL00zTmEwXRRlHOkHjKFCXSUo0HxrARDJzKyJ9LDHRJrCiCcGd//IiNM/KrlN2byul6vUsjgIcwTGcggvnUIUbqEMDCDzCM7zCm/VkvVjv1se0dcmazRzAH1mfP9XGlCw=</latexit><latexit sha1_base64="LigGMtVU9BhAVwUy7RMa18dxPDw=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiuCqJFBREKHbjsoK9QBPDZDpph84kYWYi1FB8FTcuFHHre7jzbZxeFtr6w8DHf87hnPnDlDOlHefbWlpeWV1bL2wUN7e2d3btvf2mSjJJaIMkPJHtECvKWUwbmmlO26mkWISctsJBbVxvPVCpWBLf6WFKfYF7MYsYwdpYgX145V0iT2UiYAZqQc5G95XALjllZyK0CO4MSjBTPbC/vG5CMkFjTThWquM6qfZzLDUjnI6KXqZoiskA92jHYIwFVX4+uX6ETozTRVEizYs1mri/J3IslBqK0HQKrPtqvjY2/6t1Mh1d+DmL00zTmEwXRRlHOkHjKFCXSUo0HxrARDJzKyJ9LDHRJrCiCcGd//IiNM/KrlN2byul6vUsjgIcwTGcggvnUIUbqEMDCDzCM7zCm/VkvVjv1se0dcmazRzAH1mfP9XGlCw=</latexit>

+
X

i

C3
i

<latexit sha1_base64="GqauocnM355lAD/g7juMLY+iMlw=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiCEJJVFBwU+zGZQV7gSaGyXTSDp1JwsxEqKH4Km5cKOLW93Dn2zi9LLT1h4GP/5zDOfOHKWdKO863tbC4tLyyWlgrrm9sbm3bO7sNlWSS0DpJeCJbIVaUs5jWNdOctlJJsQg5bYb96qjefKBSsSS+04OU+gJ3YxYxgrWxAnv/xLtCnspEwAxUg5wN788Cu+SUnbHQPLhTKMFUtcD+8joJyQSNNeFYqbbrpNrPsdSMcDosepmiKSZ93KVtgzEWVPn5+PohOjJOB0WJNC/WaOz+nsixUGogQtMpsO6p2drI/K/WznR06ecsTjNNYzJZFGUc6QSNokAdJinRfGAAE8nMrYj0sMREm8CKJgR39svz0Dgtu07ZvT0vVa6ncRTgAA7hGFy4gArcQA3qQOARnuEV3qwn68V6tz4mrQvWdGYP/sj6/AG3pJQZ</latexit><latexit sha1_base64="GqauocnM355lAD/g7juMLY+iMlw=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiCEJJVFBwU+zGZQV7gSaGyXTSDp1JwsxEqKH4Km5cKOLW93Dn2zi9LLT1h4GP/5zDOfOHKWdKO863tbC4tLyyWlgrrm9sbm3bO7sNlWSS0DpJeCJbIVaUs5jWNdOctlJJsQg5bYb96qjefKBSsSS+04OU+gJ3YxYxgrWxAnv/xLtCnspEwAxUg5wN788Cu+SUnbHQPLhTKMFUtcD+8joJyQSNNeFYqbbrpNrPsdSMcDosepmiKSZ93KVtgzEWVPn5+PohOjJOB0WJNC/WaOz+nsixUGogQtMpsO6p2drI/K/WznR06ecsTjNNYzJZFGUc6QSNokAdJinRfGAAE8nMrYj0sMREm8CKJgR39svz0Dgtu07ZvT0vVa6ncRTgAA7hGFy4gArcQA3qQOARnuEV3qwn68V6tz4mrQvWdGYP/sj6/AG3pJQZ</latexit><latexit sha1_base64="GqauocnM355lAD/g7juMLY+iMlw=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiCEJJVFBwU+zGZQV7gSaGyXTSDp1JwsxEqKH4Km5cKOLW93Dn2zi9LLT1h4GP/5zDOfOHKWdKO863tbC4tLyyWlgrrm9sbm3bO7sNlWSS0DpJeCJbIVaUs5jWNdOctlJJsQg5bYb96qjefKBSsSS+04OU+gJ3YxYxgrWxAnv/xLtCnspEwAxUg5wN788Cu+SUnbHQPLhTKMFUtcD+8joJyQSNNeFYqbbrpNrPsdSMcDosepmiKSZ93KVtgzEWVPn5+PohOjJOB0WJNC/WaOz+nsixUGogQtMpsO6p2drI/K/WznR06ecsTjNNYzJZFGUc6QSNokAdJinRfGAAE8nMrYj0sMREm8CKJgR39svz0Dgtu07ZvT0vVa6ncRTgAA7hGFy4gArcQA3qQOARnuEV3qwn68V6tz4mrQvWdGYP/sj6/AG3pJQZ</latexit><latexit sha1_base64="GqauocnM355lAD/g7juMLY+iMlw=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiCEJJVFBwU+zGZQV7gSaGyXTSDp1JwsxEqKH4Km5cKOLW93Dn2zi9LLT1h4GP/5zDOfOHKWdKO863tbC4tLyyWlgrrm9sbm3bO7sNlWSS0DpJeCJbIVaUs5jWNdOctlJJsQg5bYb96qjefKBSsSS+04OU+gJ3YxYxgrWxAnv/xLtCnspEwAxUg5wN788Cu+SUnbHQPLhTKMFUtcD+8joJyQSNNeFYqbbrpNrPsdSMcDosepmiKSZ93KVtgzEWVPn5+PohOjJOB0WJNC/WaOz+nsixUGogQtMpsO6p2drI/K/WznR06ecsTjNNYzJZFGUc6QSNokAdJinRfGAAE8nMrYj0sMREm8CKJgR39svz0Dgtu07ZvT0vVa6ncRTgAA7hGFy4gArcQA3qQOARnuEV3qwn68V6tz4mrQvWdGYP/sj6/AG3pJQZ</latexit>

+
X

i

C2
i

<latexit sha1_base64="A43tHZ33SRFdYW5LNXDylI9UtU4=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiCEJJiqDgptiNywr2Ak0Mk+mkHTqThJmJUEPxVdy4UMSt7+HOt3F6WWjrDwMf/zmHc+YPU86Udpxva2l5ZXVtvbBR3Nza3tm19/abKskkoQ2S8ES2Q6woZzFtaKY5baeSYhFy2goHtXG99UClYkl8p4cp9QXuxSxiBGtjBfbhmXeFPJWJgBmoBTkb3VcCu+SUnYnQIrgzKMFM9cD+8roJyQSNNeFYqY7rpNrPsdSMcDoqepmiKSYD3KMdgzEWVPn55PoROjFOF0WJNC/WaOL+nsixUGooQtMpsO6r+drY/K/WyXR06ecsTjNNYzJdFGUc6QSNo0BdJinRfGgAE8nMrYj0scREm8CKJgR3/suL0KyUXafs3p6XqtezOApwBMdwCi5cQBVuoA4NIPAIz/AKb9aT9WK9Wx/T1iVrNnMAf2R9/gC2IJQY</latexit><latexit sha1_base64="A43tHZ33SRFdYW5LNXDylI9UtU4=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiCEJJiqDgptiNywr2Ak0Mk+mkHTqThJmJUEPxVdy4UMSt7+HOt3F6WWjrDwMf/zmHc+YPU86Udpxva2l5ZXVtvbBR3Nza3tm19/abKskkoQ2S8ES2Q6woZzFtaKY5baeSYhFy2goHtXG99UClYkl8p4cp9QXuxSxiBGtjBfbhmXeFPJWJgBmoBTkb3VcCu+SUnYnQIrgzKMFM9cD+8roJyQSNNeFYqY7rpNrPsdSMcDoqepmiKSYD3KMdgzEWVPn55PoROjFOF0WJNC/WaOL+nsixUGooQtMpsO6r+drY/K/WyXR06ecsTjNNYzJdFGUc6QSNo0BdJinRfGgAE8nMrYj0scREm8CKJgR3/suL0KyUXafs3p6XqtezOApwBMdwCi5cQBVuoA4NIPAIz/AKb9aT9WK9Wx/T1iVrNnMAf2R9/gC2IJQY</latexit><latexit sha1_base64="A43tHZ33SRFdYW5LNXDylI9UtU4=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiCEJJiqDgptiNywr2Ak0Mk+mkHTqThJmJUEPxVdy4UMSt7+HOt3F6WWjrDwMf/zmHc+YPU86Udpxva2l5ZXVtvbBR3Nza3tm19/abKskkoQ2S8ES2Q6woZzFtaKY5baeSYhFy2goHtXG99UClYkl8p4cp9QXuxSxiBGtjBfbhmXeFPJWJgBmoBTkb3VcCu+SUnYnQIrgzKMFM9cD+8roJyQSNNeFYqY7rpNrPsdSMcDoqepmiKSYD3KMdgzEWVPn55PoROjFOF0WJNC/WaOL+nsixUGooQtMpsO6r+drY/K/WyXR06ecsTjNNYzJdFGUc6QSNo0BdJinRfGgAE8nMrYj0scREm8CKJgR3/suL0KyUXafs3p6XqtezOApwBMdwCi5cQBVuoA4NIPAIz/AKb9aT9WK9Wx/T1iVrNnMAf2R9/gC2IJQY</latexit><latexit sha1_base64="A43tHZ33SRFdYW5LNXDylI9UtU4=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiCEJJiqDgptiNywr2Ak0Mk+mkHTqThJmJUEPxVdy4UMSt7+HOt3F6WWjrDwMf/zmHc+YPU86Udpxva2l5ZXVtvbBR3Nza3tm19/abKskkoQ2S8ES2Q6woZzFtaKY5baeSYhFy2goHtXG99UClYkl8p4cp9QXuxSxiBGtjBfbhmXeFPJWJgBmoBTkb3VcCu+SUnYnQIrgzKMFM9cD+8roJyQSNNeFYqY7rpNrPsdSMcDoqepmiKSYD3KMdgzEWVPn55PoROjFOF0WJNC/WaOL+nsixUGooQtMpsO6r+drY/K/WyXR06ecsTjNNYzJdFGUc6QSNo0BdJinRfGgAE8nMrYj0scREm8CKJgR3/suL0KyUXafs3p6XqtezOApwBMdwCi5cQBVuoA4NIPAIz/AKb9aT9WK9Wx/T1iVrNnMAf2R9/gC2IJQY</latexit>

+
X

i

C1
i

<latexit sha1_base64="I22aJpgcYa9+fXnxPnQtOMfU0x4=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWQRBKIoKCm2I3LivYCzQxTKaTduhkEmYmQg3FV3HjQhG3voc738bpZaGtPwx8/Occzpk/TDlT2nG+rcLS8srqWnG9tLG5tb1j7+41VZJJQhsk4Ylsh1hRzgRtaKY5baeS4jjktBUOauN664FKxRJxp4cp9WPcEyxiBGtjBfbBqXeFPJXFATNQC3I2uncDu+xUnInQIrgzKMNM9cD+8roJyWIqNOFYqY7rpNrPsdSMcDoqeZmiKSYD3KMdgwLHVPn55PoROjZOF0WJNE9oNHF/T+Q4VmoYh6Yzxrqv5mtj879aJ9PRpZ8zkWaaCjJdFGUc6QSNo0BdJinRfGgAE8nMrYj0scREm8BKJgR3/suL0DyruE7FvT0vV69ncRThEI7gBFy4gCrcQB0aQOARnuEV3qwn68V6tz6mrQVrNrMPf2R9/gC0nJQX</latexit><latexit sha1_base64="I22aJpgcYa9+fXnxPnQtOMfU0x4=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWQRBKIoKCm2I3LivYCzQxTKaTduhkEmYmQg3FV3HjQhG3voc738bpZaGtPwx8/Occzpk/TDlT2nG+rcLS8srqWnG9tLG5tb1j7+41VZJJQhsk4Ylsh1hRzgRtaKY5baeS4jjktBUOauN664FKxRJxp4cp9WPcEyxiBGtjBfbBqXeFPJXFATNQC3I2uncDu+xUnInQIrgzKMNM9cD+8roJyWIqNOFYqY7rpNrPsdSMcDoqeZmiKSYD3KMdgwLHVPn55PoROjZOF0WJNE9oNHF/T+Q4VmoYh6Yzxrqv5mtj879aJ9PRpZ8zkWaaCjJdFGUc6QSNo0BdJinRfGgAE8nMrYj0scREm8BKJgR3/suL0DyruE7FvT0vV69ncRThEI7gBFy4gCrcQB0aQOARnuEV3qwn68V6tz6mrQVrNrMPf2R9/gC0nJQX</latexit><latexit sha1_base64="I22aJpgcYa9+fXnxPnQtOMfU0x4=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWQRBKIoKCm2I3LivYCzQxTKaTduhkEmYmQg3FV3HjQhG3voc738bpZaGtPwx8/Occzpk/TDlT2nG+rcLS8srqWnG9tLG5tb1j7+41VZJJQhsk4Ylsh1hRzgRtaKY5baeS4jjktBUOauN664FKxRJxp4cp9WPcEyxiBGtjBfbBqXeFPJXFATNQC3I2uncDu+xUnInQIrgzKMNM9cD+8roJyWIqNOFYqY7rpNrPsdSMcDoqeZmiKSYD3KMdgwLHVPn55PoROjZOF0WJNE9oNHF/T+Q4VmoYh6Yzxrqv5mtj879aJ9PRpZ8zkWaaCjJdFGUc6QSNo0BdJinRfGgAE8nMrYj0scREm8BKJgR3/suL0DyruE7FvT0vV69ncRThEI7gBFy4gCrcQB0aQOARnuEV3qwn68V6tz6mrQVrNrMPf2R9/gC0nJQX</latexit><latexit sha1_base64="I22aJpgcYa9+fXnxPnQtOMfU0x4=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWQRBKIoKCm2I3LivYCzQxTKaTduhkEmYmQg3FV3HjQhG3voc738bpZaGtPwx8/Occzpk/TDlT2nG+rcLS8srqWnG9tLG5tb1j7+41VZJJQhsk4Ylsh1hRzgRtaKY5baeS4jjktBUOauN664FKxRJxp4cp9WPcEyxiBGtjBfbBqXeFPJXFATNQC3I2uncDu+xUnInQIrgzKMNM9cD+8roJyWIqNOFYqY7rpNrPsdSMcDoqeZmiKSYD3KMdgwLHVPn55PoROjZOF0WJNE9oNHF/T+Q4VmoYh6Yzxrqv5mtj879aJ9PRpZ8zkWaaCjJdFGUc6QSNo0BdJinRfGgAE8nMrYj0scREm8BKJgR3/suL0DyruE7FvT0vV69ncRThEI7gBFy4gCrcQB0aQOARnuEV3qwn68V6tz6mrQVrNrMPf2R9/gC0nJQX</latexit>

+ R
<latexit sha1_base64="G51L6t0LOScpx/jW1elB+dOQDIc=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEQSiJCApuim5cVrEPaEKZTCft0MkkzEyEGvolblwo4tZPceffOGmz0NYDA4dz7uWeOUHCmdKO822VVlbX1jfKm5Wt7Z3dqr2331ZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOML7J/c4jlYrF4kFPEupHeChYyAjWRurb1VPvCnkR1iOCeXY/7ds1p+7MgJaJW5AaFGj27S9vEJM0okITjpXquU6i/QxLzQin04qXKppgMsZD2jNU4IgqP5sFn6JjowxQGEvzhEYz9fdGhiOlJlFgJvOIatHLxf+8XqrDSz9jIkk1FWR+KEw50jHKW0ADJinRfGIIJpKZrIiMsMREm64qpgR38cvLpH1Wd526e3dea1wXdZThEI7gBFy4gAbcQhNaQCCFZ3iFN+vJerHerY/5aMkqdg7gD6zPH/eUkqM=</latexit><latexit sha1_base64="G51L6t0LOScpx/jW1elB+dOQDIc=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEQSiJCApuim5cVrEPaEKZTCft0MkkzEyEGvolblwo4tZPceffOGmz0NYDA4dz7uWeOUHCmdKO822VVlbX1jfKm5Wt7Z3dqr2331ZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOML7J/c4jlYrF4kFPEupHeChYyAjWRurb1VPvCnkR1iOCeXY/7ds1p+7MgJaJW5AaFGj27S9vEJM0okITjpXquU6i/QxLzQin04qXKppgMsZD2jNU4IgqP5sFn6JjowxQGEvzhEYz9fdGhiOlJlFgJvOIatHLxf+8XqrDSz9jIkk1FWR+KEw50jHKW0ADJinRfGIIJpKZrIiMsMREm64qpgR38cvLpH1Wd526e3dea1wXdZThEI7gBFy4gAbcQhNaQCCFZ3iFN+vJerHerY/5aMkqdg7gD6zPH/eUkqM=</latexit><latexit sha1_base64="G51L6t0LOScpx/jW1elB+dOQDIc=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEQSiJCApuim5cVrEPaEKZTCft0MkkzEyEGvolblwo4tZPceffOGmz0NYDA4dz7uWeOUHCmdKO822VVlbX1jfKm5Wt7Z3dqr2331ZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOML7J/c4jlYrF4kFPEupHeChYyAjWRurb1VPvCnkR1iOCeXY/7ds1p+7MgJaJW5AaFGj27S9vEJM0okITjpXquU6i/QxLzQin04qXKppgMsZD2jNU4IgqP5sFn6JjowxQGEvzhEYz9fdGhiOlJlFgJvOIatHLxf+8XqrDSz9jIkk1FWR+KEw50jHKW0ADJinRfGIIJpKZrIiMsMREm64qpgR38cvLpH1Wd526e3dea1wXdZThEI7gBFy4gAbcQhNaQCCFZ3iFN+vJerHerY/5aMkqdg7gD6zPH/eUkqM=</latexit><latexit sha1_base64="G51L6t0LOScpx/jW1elB+dOQDIc=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEQSiJCApuim5cVrEPaEKZTCft0MkkzEyEGvolblwo4tZPceffOGmz0NYDA4dz7uWeOUHCmdKO822VVlbX1jfKm5Wt7Z3dqr2331ZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOML7J/c4jlYrF4kFPEupHeChYyAjWRurb1VPvCnkR1iOCeXY/7ds1p+7MgJaJW5AaFGj27S9vEJM0okITjpXquU6i/QxLzQin04qXKppgMsZD2jNU4IgqP5sFn6JjowxQGEvzhEYz9fdGhiOlJlFgJvOIatHLxf+8XqrDSz9jIkk1FWR+KEw50jHKW0ADJinRfGIIJpKZrIiMsMREm64qpgR38cvLpH1Wd526e3dea1wXdZThEI7gBFy4gAbcQhNaQCCFZ3iFN+vJerHerY/5aMkqdg7gD6zPH/eUkqM=</latexit>

Unitarity @ 1 loop

Every 1 loop amplitude can be decomposed in boxes, triangles, bubbles and tadpoles

[Ossola, Papadopoulos, Pittau, ’04] 
[Bern Dixon, Kosover, ’05] 
[Ellis, Kunszt, Melnikov, Zanderighi, ’08]



THE NLO REVOLUTION (ONE-LOOP VIRTUAL AMPLITUDES)

=
X

i

C4
i

<latexit sha1_base64="LigGMtVU9BhAVwUy7RMa18dxPDw=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiuCqJFBREKHbjsoK9QBPDZDpph84kYWYi1FB8FTcuFHHre7jzbZxeFtr6w8DHf87hnPnDlDOlHefbWlpeWV1bL2wUN7e2d3btvf2mSjJJaIMkPJHtECvKWUwbmmlO26mkWISctsJBbVxvPVCpWBLf6WFKfYF7MYsYwdpYgX145V0iT2UiYAZqQc5G95XALjllZyK0CO4MSjBTPbC/vG5CMkFjTThWquM6qfZzLDUjnI6KXqZoiskA92jHYIwFVX4+uX6ETozTRVEizYs1mri/J3IslBqK0HQKrPtqvjY2/6t1Mh1d+DmL00zTmEwXRRlHOkHjKFCXSUo0HxrARDJzKyJ9LDHRJrCiCcGd//IiNM/KrlN2byul6vUsjgIcwTGcggvnUIUbqEMDCDzCM7zCm/VkvVjv1se0dcmazRzAH1mfP9XGlCw=</latexit><latexit sha1_base64="LigGMtVU9BhAVwUy7RMa18dxPDw=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiuCqJFBREKHbjsoK9QBPDZDpph84kYWYi1FB8FTcuFHHre7jzbZxeFtr6w8DHf87hnPnDlDOlHefbWlpeWV1bL2wUN7e2d3btvf2mSjJJaIMkPJHtECvKWUwbmmlO26mkWISctsJBbVxvPVCpWBLf6WFKfYF7MYsYwdpYgX145V0iT2UiYAZqQc5G95XALjllZyK0CO4MSjBTPbC/vG5CMkFjTThWquM6qfZzLDUjnI6KXqZoiskA92jHYIwFVX4+uX6ETozTRVEizYs1mri/J3IslBqK0HQKrPtqvjY2/6t1Mh1d+DmL00zTmEwXRRlHOkHjKFCXSUo0HxrARDJzKyJ9LDHRJrCiCcGd//IiNM/KrlN2byul6vUsjgIcwTGcggvnUIUbqEMDCDzCM7zCm/VkvVjv1se0dcmazRzAH1mfP9XGlCw=</latexit><latexit sha1_base64="LigGMtVU9BhAVwUy7RMa18dxPDw=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiuCqJFBREKHbjsoK9QBPDZDpph84kYWYi1FB8FTcuFHHre7jzbZxeFtr6w8DHf87hnPnDlDOlHefbWlpeWV1bL2wUN7e2d3btvf2mSjJJaIMkPJHtECvKWUwbmmlO26mkWISctsJBbVxvPVCpWBLf6WFKfYF7MYsYwdpYgX145V0iT2UiYAZqQc5G95XALjllZyK0CO4MSjBTPbC/vG5CMkFjTThWquM6qfZzLDUjnI6KXqZoiskA92jHYIwFVX4+uX6ETozTRVEizYs1mri/J3IslBqK0HQKrPtqvjY2/6t1Mh1d+DmL00zTmEwXRRlHOkHjKFCXSUo0HxrARDJzKyJ9LDHRJrCiCcGd//IiNM/KrlN2byul6vUsjgIcwTGcggvnUIUbqEMDCDzCM7zCm/VkvVjv1se0dcmazRzAH1mfP9XGlCw=</latexit><latexit sha1_base64="LigGMtVU9BhAVwUy7RMa18dxPDw=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiuCqJFBREKHbjsoK9QBPDZDpph84kYWYi1FB8FTcuFHHre7jzbZxeFtr6w8DHf87hnPnDlDOlHefbWlpeWV1bL2wUN7e2d3btvf2mSjJJaIMkPJHtECvKWUwbmmlO26mkWISctsJBbVxvPVCpWBLf6WFKfYF7MYsYwdpYgX145V0iT2UiYAZqQc5G95XALjllZyK0CO4MSjBTPbC/vG5CMkFjTThWquM6qfZzLDUjnI6KXqZoiskA92jHYIwFVX4+uX6ETozTRVEizYs1mri/J3IslBqK0HQKrPtqvjY2/6t1Mh1d+DmL00zTmEwXRRlHOkHjKFCXSUo0HxrARDJzKyJ9LDHRJrCiCcGd//IiNM/KrlN2byul6vUsjgIcwTGcggvnUIUbqEMDCDzCM7zCm/VkvVjv1se0dcmazRzAH1mfP9XGlCw=</latexit>

+
X

i

C3
i

<latexit sha1_base64="GqauocnM355lAD/g7juMLY+iMlw=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiCEJJVFBwU+zGZQV7gSaGyXTSDp1JwsxEqKH4Km5cKOLW93Dn2zi9LLT1h4GP/5zDOfOHKWdKO863tbC4tLyyWlgrrm9sbm3bO7sNlWSS0DpJeCJbIVaUs5jWNdOctlJJsQg5bYb96qjefKBSsSS+04OU+gJ3YxYxgrWxAnv/xLtCnspEwAxUg5wN788Cu+SUnbHQPLhTKMFUtcD+8joJyQSNNeFYqbbrpNrPsdSMcDosepmiKSZ93KVtgzEWVPn5+PohOjJOB0WJNC/WaOz+nsixUGogQtMpsO6p2drI/K/WznR06ecsTjNNYzJZFGUc6QSNokAdJinRfGAAE8nMrYj0sMREm8CKJgR39svz0Dgtu07ZvT0vVa6ncRTgAA7hGFy4gArcQA3qQOARnuEV3qwn68V6tz4mrQvWdGYP/sj6/AG3pJQZ</latexit><latexit sha1_base64="GqauocnM355lAD/g7juMLY+iMlw=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiCEJJVFBwU+zGZQV7gSaGyXTSDp1JwsxEqKH4Km5cKOLW93Dn2zi9LLT1h4GP/5zDOfOHKWdKO863tbC4tLyyWlgrrm9sbm3bO7sNlWSS0DpJeCJbIVaUs5jWNdOctlJJsQg5bYb96qjefKBSsSS+04OU+gJ3YxYxgrWxAnv/xLtCnspEwAxUg5wN788Cu+SUnbHQPLhTKMFUtcD+8joJyQSNNeFYqbbrpNrPsdSMcDosepmiKSZ93KVtgzEWVPn5+PohOjJOB0WJNC/WaOz+nsixUGogQtMpsO6p2drI/K/WznR06ecsTjNNYzJZFGUc6QSNokAdJinRfGAAE8nMrYj0sMREm8CKJgR39svz0Dgtu07ZvT0vVa6ncRTgAA7hGFy4gArcQA3qQOARnuEV3qwn68V6tz4mrQvWdGYP/sj6/AG3pJQZ</latexit><latexit sha1_base64="GqauocnM355lAD/g7juMLY+iMlw=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiCEJJVFBwU+zGZQV7gSaGyXTSDp1JwsxEqKH4Km5cKOLW93Dn2zi9LLT1h4GP/5zDOfOHKWdKO863tbC4tLyyWlgrrm9sbm3bO7sNlWSS0DpJeCJbIVaUs5jWNdOctlJJsQg5bYb96qjefKBSsSS+04OU+gJ3YxYxgrWxAnv/xLtCnspEwAxUg5wN788Cu+SUnbHQPLhTKMFUtcD+8joJyQSNNeFYqbbrpNrPsdSMcDosepmiKSZ93KVtgzEWVPn5+PohOjJOB0WJNC/WaOz+nsixUGogQtMpsO6p2drI/K/WznR06ecsTjNNYzJZFGUc6QSNokAdJinRfGAAE8nMrYj0sMREm8CKJgR39svz0Dgtu07ZvT0vVa6ncRTgAA7hGFy4gArcQA3qQOARnuEV3qwn68V6tz4mrQvWdGYP/sj6/AG3pJQZ</latexit><latexit sha1_base64="GqauocnM355lAD/g7juMLY+iMlw=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiCEJJVFBwU+zGZQV7gSaGyXTSDp1JwsxEqKH4Km5cKOLW93Dn2zi9LLT1h4GP/5zDOfOHKWdKO863tbC4tLyyWlgrrm9sbm3bO7sNlWSS0DpJeCJbIVaUs5jWNdOctlJJsQg5bYb96qjefKBSsSS+04OU+gJ3YxYxgrWxAnv/xLtCnspEwAxUg5wN788Cu+SUnbHQPLhTKMFUtcD+8joJyQSNNeFYqbbrpNrPsdSMcDosepmiKSZ93KVtgzEWVPn5+PohOjJOB0WJNC/WaOz+nsixUGogQtMpsO6p2drI/K/WznR06ecsTjNNYzJZFGUc6QSNokAdJinRfGAAE8nMrYj0sMREm8CKJgR39svz0Dgtu07ZvT0vVa6ncRTgAA7hGFy4gArcQA3qQOARnuEV3qwn68V6tz4mrQvWdGYP/sj6/AG3pJQZ</latexit>

+
X

i

C2
i

<latexit sha1_base64="A43tHZ33SRFdYW5LNXDylI9UtU4=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiCEJJiqDgptiNywr2Ak0Mk+mkHTqThJmJUEPxVdy4UMSt7+HOt3F6WWjrDwMf/zmHc+YPU86Udpxva2l5ZXVtvbBR3Nza3tm19/abKskkoQ2S8ES2Q6woZzFtaKY5baeSYhFy2goHtXG99UClYkl8p4cp9QXuxSxiBGtjBfbhmXeFPJWJgBmoBTkb3VcCu+SUnYnQIrgzKMFM9cD+8roJyQSNNeFYqY7rpNrPsdSMcDoqepmiKSYD3KMdgzEWVPn55PoROjFOF0WJNC/WaOL+nsixUGooQtMpsO6r+drY/K/WyXR06ecsTjNNYzJdFGUc6QSNo0BdJinRfGgAE8nMrYj0scREm8CKJgR3/suL0KyUXafs3p6XqtezOApwBMdwCi5cQBVuoA4NIPAIz/AKb9aT9WK9Wx/T1iVrNnMAf2R9/gC2IJQY</latexit><latexit sha1_base64="A43tHZ33SRFdYW5LNXDylI9UtU4=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiCEJJiqDgptiNywr2Ak0Mk+mkHTqThJmJUEPxVdy4UMSt7+HOt3F6WWjrDwMf/zmHc+YPU86Udpxva2l5ZXVtvbBR3Nza3tm19/abKskkoQ2S8ES2Q6woZzFtaKY5baeSYhFy2goHtXG99UClYkl8p4cp9QXuxSxiBGtjBfbhmXeFPJWJgBmoBTkb3VcCu+SUnYnQIrgzKMFM9cD+8roJyQSNNeFYqY7rpNrPsdSMcDoqepmiKSYD3KMdgzEWVPn55PoROjFOF0WJNC/WaOL+nsixUGooQtMpsO6r+drY/K/WyXR06ecsTjNNYzJdFGUc6QSNo0BdJinRfGgAE8nMrYj0scREm8CKJgR3/suL0KyUXafs3p6XqtezOApwBMdwCi5cQBVuoA4NIPAIz/AKb9aT9WK9Wx/T1iVrNnMAf2R9/gC2IJQY</latexit><latexit sha1_base64="A43tHZ33SRFdYW5LNXDylI9UtU4=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiCEJJiqDgptiNywr2Ak0Mk+mkHTqThJmJUEPxVdy4UMSt7+HOt3F6WWjrDwMf/zmHc+YPU86Udpxva2l5ZXVtvbBR3Nza3tm19/abKskkoQ2S8ES2Q6woZzFtaKY5baeSYhFy2goHtXG99UClYkl8p4cp9QXuxSxiBGtjBfbhmXeFPJWJgBmoBTkb3VcCu+SUnYnQIrgzKMFM9cD+8roJyQSNNeFYqY7rpNrPsdSMcDoqepmiKSYD3KMdgzEWVPn55PoROjFOF0WJNC/WaOL+nsixUGooQtMpsO6r+drY/K/WyXR06ecsTjNNYzJdFGUc6QSNo0BdJinRfGgAE8nMrYj0scREm8CKJgR3/suL0KyUXafs3p6XqtezOApwBMdwCi5cQBVuoA4NIPAIz/AKb9aT9WK9Wx/T1iVrNnMAf2R9/gC2IJQY</latexit><latexit sha1_base64="A43tHZ33SRFdYW5LNXDylI9UtU4=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiCEJJiqDgptiNywr2Ak0Mk+mkHTqThJmJUEPxVdy4UMSt7+HOt3F6WWjrDwMf/zmHc+YPU86Udpxva2l5ZXVtvbBR3Nza3tm19/abKskkoQ2S8ES2Q6woZzFtaKY5baeSYhFy2goHtXG99UClYkl8p4cp9QXuxSxiBGtjBfbhmXeFPJWJgBmoBTkb3VcCu+SUnYnQIrgzKMFM9cD+8roJyQSNNeFYqY7rpNrPsdSMcDoqepmiKSYD3KMdgzEWVPn55PoROjFOF0WJNC/WaOL+nsixUGooQtMpsO6r+drY/K/WyXR06ecsTjNNYzJdFGUc6QSNo0BdJinRfGgAE8nMrYj0scREm8CKJgR3/suL0KyUXafs3p6XqtezOApwBMdwCi5cQBVuoA4NIPAIz/AKb9aT9WK9Wx/T1iVrNnMAf2R9/gC2IJQY</latexit>

+
X

i

C1
i

<latexit sha1_base64="I22aJpgcYa9+fXnxPnQtOMfU0x4=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWQRBKIoKCm2I3LivYCzQxTKaTduhkEmYmQg3FV3HjQhG3voc738bpZaGtPwx8/Occzpk/TDlT2nG+rcLS8srqWnG9tLG5tb1j7+41VZJJQhsk4Ylsh1hRzgRtaKY5baeS4jjktBUOauN664FKxRJxp4cp9WPcEyxiBGtjBfbBqXeFPJXFATNQC3I2uncDu+xUnInQIrgzKMNM9cD+8roJyWIqNOFYqY7rpNrPsdSMcDoqeZmiKSYD3KMdgwLHVPn55PoROjZOF0WJNE9oNHF/T+Q4VmoYh6Yzxrqv5mtj879aJ9PRpZ8zkWaaCjJdFGUc6QSNo0BdJinRfGgAE8nMrYj0scREm8BKJgR3/suL0DyruE7FvT0vV69ncRThEI7gBFy4gCrcQB0aQOARnuEV3qwn68V6tz6mrQVrNrMPf2R9/gC0nJQX</latexit><latexit sha1_base64="I22aJpgcYa9+fXnxPnQtOMfU0x4=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWQRBKIoKCm2I3LivYCzQxTKaTduhkEmYmQg3FV3HjQhG3voc738bpZaGtPwx8/Occzpk/TDlT2nG+rcLS8srqWnG9tLG5tb1j7+41VZJJQhsk4Ylsh1hRzgRtaKY5baeS4jjktBUOauN664FKxRJxp4cp9WPcEyxiBGtjBfbBqXeFPJXFATNQC3I2uncDu+xUnInQIrgzKMNM9cD+8roJyWIqNOFYqY7rpNrPsdSMcDoqeZmiKSYD3KMdgwLHVPn55PoROjZOF0WJNE9oNHF/T+Q4VmoYh6Yzxrqv5mtj879aJ9PRpZ8zkWaaCjJdFGUc6QSNo0BdJinRfGgAE8nMrYj0scREm8BKJgR3/suL0DyruE7FvT0vV69ncRThEI7gBFy4gCrcQB0aQOARnuEV3qwn68V6tz6mrQVrNrMPf2R9/gC0nJQX</latexit><latexit sha1_base64="I22aJpgcYa9+fXnxPnQtOMfU0x4=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWQRBKIoKCm2I3LivYCzQxTKaTduhkEmYmQg3FV3HjQhG3voc738bpZaGtPwx8/Occzpk/TDlT2nG+rcLS8srqWnG9tLG5tb1j7+41VZJJQhsk4Ylsh1hRzgRtaKY5baeS4jjktBUOauN664FKxRJxp4cp9WPcEyxiBGtjBfbBqXeFPJXFATNQC3I2uncDu+xUnInQIrgzKMNM9cD+8roJyWIqNOFYqY7rpNrPsdSMcDoqeZmiKSYD3KMdgwLHVPn55PoROjZOF0WJNE9oNHF/T+Q4VmoYh6Yzxrqv5mtj879aJ9PRpZ8zkWaaCjJdFGUc6QSNo0BdJinRfGgAE8nMrYj0scREm8BKJgR3/suL0DyruE7FvT0vV69ncRThEI7gBFy4gCrcQB0aQOARnuEV3qwn68V6tz6mrQVrNrMPf2R9/gC0nJQX</latexit><latexit sha1_base64="I22aJpgcYa9+fXnxPnQtOMfU0x4=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWQRBKIoKCm2I3LivYCzQxTKaTduhkEmYmQg3FV3HjQhG3voc738bpZaGtPwx8/Occzpk/TDlT2nG+rcLS8srqWnG9tLG5tb1j7+41VZJJQhsk4Ylsh1hRzgRtaKY5baeS4jjktBUOauN664FKxRJxp4cp9WPcEyxiBGtjBfbBqXeFPJXFATNQC3I2uncDu+xUnInQIrgzKMNM9cD+8roJyWIqNOFYqY7rpNrPsdSMcDoqeZmiKSYD3KMdgwLHVPn55PoROjZOF0WJNE9oNHF/T+Q4VmoYh6Yzxrqv5mtj879aJ9PRpZ8zkWaaCjJdFGUc6QSNo0BdJinRfGgAE8nMrYj0scREm8BKJgR3/suL0DyruE7FvT0vV69ncRThEI7gBFy4gCrcQB0aQOARnuEV3qwn68V6tz6mrQVrNrMPf2R9/gC0nJQX</latexit>

+ R
<latexit sha1_base64="G51L6t0LOScpx/jW1elB+dOQDIc=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEQSiJCApuim5cVrEPaEKZTCft0MkkzEyEGvolblwo4tZPceffOGmz0NYDA4dz7uWeOUHCmdKO822VVlbX1jfKm5Wt7Z3dqr2331ZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOML7J/c4jlYrF4kFPEupHeChYyAjWRurb1VPvCnkR1iOCeXY/7ds1p+7MgJaJW5AaFGj27S9vEJM0okITjpXquU6i/QxLzQin04qXKppgMsZD2jNU4IgqP5sFn6JjowxQGEvzhEYz9fdGhiOlJlFgJvOIatHLxf+8XqrDSz9jIkk1FWR+KEw50jHKW0ADJinRfGIIJpKZrIiMsMREm64qpgR38cvLpH1Wd526e3dea1wXdZThEI7gBFy4gAbcQhNaQCCFZ3iFN+vJerHerY/5aMkqdg7gD6zPH/eUkqM=</latexit><latexit sha1_base64="G51L6t0LOScpx/jW1elB+dOQDIc=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEQSiJCApuim5cVrEPaEKZTCft0MkkzEyEGvolblwo4tZPceffOGmz0NYDA4dz7uWeOUHCmdKO822VVlbX1jfKm5Wt7Z3dqr2331ZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOML7J/c4jlYrF4kFPEupHeChYyAjWRurb1VPvCnkR1iOCeXY/7ds1p+7MgJaJW5AaFGj27S9vEJM0okITjpXquU6i/QxLzQin04qXKppgMsZD2jNU4IgqP5sFn6JjowxQGEvzhEYz9fdGhiOlJlFgJvOIatHLxf+8XqrDSz9jIkk1FWR+KEw50jHKW0ADJinRfGIIJpKZrIiMsMREm64qpgR38cvLpH1Wd526e3dea1wXdZThEI7gBFy4gAbcQhNaQCCFZ3iFN+vJerHerY/5aMkqdg7gD6zPH/eUkqM=</latexit><latexit sha1_base64="G51L6t0LOScpx/jW1elB+dOQDIc=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEQSiJCApuim5cVrEPaEKZTCft0MkkzEyEGvolblwo4tZPceffOGmz0NYDA4dz7uWeOUHCmdKO822VVlbX1jfKm5Wt7Z3dqr2331ZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOML7J/c4jlYrF4kFPEupHeChYyAjWRurb1VPvCnkR1iOCeXY/7ds1p+7MgJaJW5AaFGj27S9vEJM0okITjpXquU6i/QxLzQin04qXKppgMsZD2jNU4IgqP5sFn6JjowxQGEvzhEYz9fdGhiOlJlFgJvOIatHLxf+8XqrDSz9jIkk1FWR+KEw50jHKW0ADJinRfGIIJpKZrIiMsMREm64qpgR38cvLpH1Wd526e3dea1wXdZThEI7gBFy4gAbcQhNaQCCFZ3iFN+vJerHerY/5aMkqdg7gD6zPH/eUkqM=</latexit><latexit sha1_base64="G51L6t0LOScpx/jW1elB+dOQDIc=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEQSiJCApuim5cVrEPaEKZTCft0MkkzEyEGvolblwo4tZPceffOGmz0NYDA4dz7uWeOUHCmdKO822VVlbX1jfKm5Wt7Z3dqr2331ZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOML7J/c4jlYrF4kFPEupHeChYyAjWRurb1VPvCnkR1iOCeXY/7ds1p+7MgJaJW5AaFGj27S9vEJM0okITjpXquU6i/QxLzQin04qXKppgMsZD2jNU4IgqP5sFn6JjowxQGEvzhEYz9fdGhiOlJlFgJvOIatHLxf+8XqrDSz9jIkk1FWR+KEw50jHKW0ADJinRfGIIJpKZrIiMsMREm64qpgR38cvLpH1Wd526e3dea1wXdZThEI7gBFy4gAbcQhNaQCCFZ3iFN+vJerHerY/5aMkqdg7gD6zPH/eUkqM=</latexit>

3

Unitarity @ 1 loop

Every 1 loop amplitude can be decomposed in boxes, triangles, bubbles and tadpoles

[Ossola, Papadopoulos, Pittau, ’04] 
[Bern Dixon, Kosover, ’05] 
[Ellis, Kunszt, Melnikov, Zanderighi, ’08]



THE NLO REVOLUTION (ONE-LOOP VIRTUAL AMPLITUDES)

=
X

i

C4
i

<latexit sha1_base64="LigGMtVU9BhAVwUy7RMa18dxPDw=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiuCqJFBREKHbjsoK9QBPDZDpph84kYWYi1FB8FTcuFHHre7jzbZxeFtr6w8DHf87hnPnDlDOlHefbWlpeWV1bL2wUN7e2d3btvf2mSjJJaIMkPJHtECvKWUwbmmlO26mkWISctsJBbVxvPVCpWBLf6WFKfYF7MYsYwdpYgX145V0iT2UiYAZqQc5G95XALjllZyK0CO4MSjBTPbC/vG5CMkFjTThWquM6qfZzLDUjnI6KXqZoiskA92jHYIwFVX4+uX6ETozTRVEizYs1mri/J3IslBqK0HQKrPtqvjY2/6t1Mh1d+DmL00zTmEwXRRlHOkHjKFCXSUo0HxrARDJzKyJ9LDHRJrCiCcGd//IiNM/KrlN2byul6vUsjgIcwTGcggvnUIUbqEMDCDzCM7zCm/VkvVjv1se0dcmazRzAH1mfP9XGlCw=</latexit><latexit sha1_base64="LigGMtVU9BhAVwUy7RMa18dxPDw=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiuCqJFBREKHbjsoK9QBPDZDpph84kYWYi1FB8FTcuFHHre7jzbZxeFtr6w8DHf87hnPnDlDOlHefbWlpeWV1bL2wUN7e2d3btvf2mSjJJaIMkPJHtECvKWUwbmmlO26mkWISctsJBbVxvPVCpWBLf6WFKfYF7MYsYwdpYgX145V0iT2UiYAZqQc5G95XALjllZyK0CO4MSjBTPbC/vG5CMkFjTThWquM6qfZzLDUjnI6KXqZoiskA92jHYIwFVX4+uX6ETozTRVEizYs1mri/J3IslBqK0HQKrPtqvjY2/6t1Mh1d+DmL00zTmEwXRRlHOkHjKFCXSUo0HxrARDJzKyJ9LDHRJrCiCcGd//IiNM/KrlN2byul6vUsjgIcwTGcggvnUIUbqEMDCDzCM7zCm/VkvVjv1se0dcmazRzAH1mfP9XGlCw=</latexit><latexit sha1_base64="LigGMtVU9BhAVwUy7RMa18dxPDw=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiuCqJFBREKHbjsoK9QBPDZDpph84kYWYi1FB8FTcuFHHre7jzbZxeFtr6w8DHf87hnPnDlDOlHefbWlpeWV1bL2wUN7e2d3btvf2mSjJJaIMkPJHtECvKWUwbmmlO26mkWISctsJBbVxvPVCpWBLf6WFKfYF7MYsYwdpYgX145V0iT2UiYAZqQc5G95XALjllZyK0CO4MSjBTPbC/vG5CMkFjTThWquM6qfZzLDUjnI6KXqZoiskA92jHYIwFVX4+uX6ETozTRVEizYs1mri/J3IslBqK0HQKrPtqvjY2/6t1Mh1d+DmL00zTmEwXRRlHOkHjKFCXSUo0HxrARDJzKyJ9LDHRJrCiCcGd//IiNM/KrlN2byul6vUsjgIcwTGcggvnUIUbqEMDCDzCM7zCm/VkvVjv1se0dcmazRzAH1mfP9XGlCw=</latexit><latexit sha1_base64="LigGMtVU9BhAVwUy7RMa18dxPDw=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiuCqJFBREKHbjsoK9QBPDZDpph84kYWYi1FB8FTcuFHHre7jzbZxeFtr6w8DHf87hnPnDlDOlHefbWlpeWV1bL2wUN7e2d3btvf2mSjJJaIMkPJHtECvKWUwbmmlO26mkWISctsJBbVxvPVCpWBLf6WFKfYF7MYsYwdpYgX145V0iT2UiYAZqQc5G95XALjllZyK0CO4MSjBTPbC/vG5CMkFjTThWquM6qfZzLDUjnI6KXqZoiskA92jHYIwFVX4+uX6ETozTRVEizYs1mri/J3IslBqK0HQKrPtqvjY2/6t1Mh1d+DmL00zTmEwXRRlHOkHjKFCXSUo0HxrARDJzKyJ9LDHRJrCiCcGd//IiNM/KrlN2byul6vUsjgIcwTGcggvnUIUbqEMDCDzCM7zCm/VkvVjv1se0dcmazRzAH1mfP9XGlCw=</latexit>

+
X

i

C3
i

<latexit sha1_base64="GqauocnM355lAD/g7juMLY+iMlw=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiCEJJVFBwU+zGZQV7gSaGyXTSDp1JwsxEqKH4Km5cKOLW93Dn2zi9LLT1h4GP/5zDOfOHKWdKO863tbC4tLyyWlgrrm9sbm3bO7sNlWSS0DpJeCJbIVaUs5jWNdOctlJJsQg5bYb96qjefKBSsSS+04OU+gJ3YxYxgrWxAnv/xLtCnspEwAxUg5wN788Cu+SUnbHQPLhTKMFUtcD+8joJyQSNNeFYqbbrpNrPsdSMcDosepmiKSZ93KVtgzEWVPn5+PohOjJOB0WJNC/WaOz+nsixUGogQtMpsO6p2drI/K/WznR06ecsTjNNYzJZFGUc6QSNokAdJinRfGAAE8nMrYj0sMREm8CKJgR39svz0Dgtu07ZvT0vVa6ncRTgAA7hGFy4gArcQA3qQOARnuEV3qwn68V6tz4mrQvWdGYP/sj6/AG3pJQZ</latexit><latexit sha1_base64="GqauocnM355lAD/g7juMLY+iMlw=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiCEJJVFBwU+zGZQV7gSaGyXTSDp1JwsxEqKH4Km5cKOLW93Dn2zi9LLT1h4GP/5zDOfOHKWdKO863tbC4tLyyWlgrrm9sbm3bO7sNlWSS0DpJeCJbIVaUs5jWNdOctlJJsQg5bYb96qjefKBSsSS+04OU+gJ3YxYxgrWxAnv/xLtCnspEwAxUg5wN788Cu+SUnbHQPLhTKMFUtcD+8joJyQSNNeFYqbbrpNrPsdSMcDosepmiKSZ93KVtgzEWVPn5+PohOjJOB0WJNC/WaOz+nsixUGogQtMpsO6p2drI/K/WznR06ecsTjNNYzJZFGUc6QSNokAdJinRfGAAE8nMrYj0sMREm8CKJgR39svz0Dgtu07ZvT0vVa6ncRTgAA7hGFy4gArcQA3qQOARnuEV3qwn68V6tz4mrQvWdGYP/sj6/AG3pJQZ</latexit><latexit sha1_base64="GqauocnM355lAD/g7juMLY+iMlw=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiCEJJVFBwU+zGZQV7gSaGyXTSDp1JwsxEqKH4Km5cKOLW93Dn2zi9LLT1h4GP/5zDOfOHKWdKO863tbC4tLyyWlgrrm9sbm3bO7sNlWSS0DpJeCJbIVaUs5jWNdOctlJJsQg5bYb96qjefKBSsSS+04OU+gJ3YxYxgrWxAnv/xLtCnspEwAxUg5wN788Cu+SUnbHQPLhTKMFUtcD+8joJyQSNNeFYqbbrpNrPsdSMcDosepmiKSZ93KVtgzEWVPn5+PohOjJOB0WJNC/WaOz+nsixUGogQtMpsO6p2drI/K/WznR06ecsTjNNYzJZFGUc6QSNokAdJinRfGAAE8nMrYj0sMREm8CKJgR39svz0Dgtu07ZvT0vVa6ncRTgAA7hGFy4gArcQA3qQOARnuEV3qwn68V6tz4mrQvWdGYP/sj6/AG3pJQZ</latexit><latexit sha1_base64="GqauocnM355lAD/g7juMLY+iMlw=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiCEJJVFBwU+zGZQV7gSaGyXTSDp1JwsxEqKH4Km5cKOLW93Dn2zi9LLT1h4GP/5zDOfOHKWdKO863tbC4tLyyWlgrrm9sbm3bO7sNlWSS0DpJeCJbIVaUs5jWNdOctlJJsQg5bYb96qjefKBSsSS+04OU+gJ3YxYxgrWxAnv/xLtCnspEwAxUg5wN788Cu+SUnbHQPLhTKMFUtcD+8joJyQSNNeFYqbbrpNrPsdSMcDosepmiKSZ93KVtgzEWVPn5+PohOjJOB0WJNC/WaOz+nsixUGogQtMpsO6p2drI/K/WznR06ecsTjNNYzJZFGUc6QSNokAdJinRfGAAE8nMrYj0sMREm8CKJgR39svz0Dgtu07ZvT0vVa6ncRTgAA7hGFy4gArcQA3qQOARnuEV3qwn68V6tz4mrQvWdGYP/sj6/AG3pJQZ</latexit>

+
X

i

C2
i

<latexit sha1_base64="A43tHZ33SRFdYW5LNXDylI9UtU4=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiCEJJiqDgptiNywr2Ak0Mk+mkHTqThJmJUEPxVdy4UMSt7+HOt3F6WWjrDwMf/zmHc+YPU86Udpxva2l5ZXVtvbBR3Nza3tm19/abKskkoQ2S8ES2Q6woZzFtaKY5baeSYhFy2goHtXG99UClYkl8p4cp9QXuxSxiBGtjBfbhmXeFPJWJgBmoBTkb3VcCu+SUnYnQIrgzKMFM9cD+8roJyQSNNeFYqY7rpNrPsdSMcDoqepmiKSYD3KMdgzEWVPn55PoROjFOF0WJNC/WaOL+nsixUGooQtMpsO6r+drY/K/WyXR06ecsTjNNYzJdFGUc6QSNo0BdJinRfGgAE8nMrYj0scREm8CKJgR3/suL0KyUXafs3p6XqtezOApwBMdwCi5cQBVuoA4NIPAIz/AKb9aT9WK9Wx/T1iVrNnMAf2R9/gC2IJQY</latexit><latexit sha1_base64="A43tHZ33SRFdYW5LNXDylI9UtU4=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiCEJJiqDgptiNywr2Ak0Mk+mkHTqThJmJUEPxVdy4UMSt7+HOt3F6WWjrDwMf/zmHc+YPU86Udpxva2l5ZXVtvbBR3Nza3tm19/abKskkoQ2S8ES2Q6woZzFtaKY5baeSYhFy2goHtXG99UClYkl8p4cp9QXuxSxiBGtjBfbhmXeFPJWJgBmoBTkb3VcCu+SUnYnQIrgzKMFM9cD+8roJyQSNNeFYqY7rpNrPsdSMcDoqepmiKSYD3KMdgzEWVPn55PoROjFOF0WJNC/WaOL+nsixUGooQtMpsO6r+drY/K/WyXR06ecsTjNNYzJdFGUc6QSNo0BdJinRfGgAE8nMrYj0scREm8CKJgR3/suL0KyUXafs3p6XqtezOApwBMdwCi5cQBVuoA4NIPAIz/AKb9aT9WK9Wx/T1iVrNnMAf2R9/gC2IJQY</latexit><latexit sha1_base64="A43tHZ33SRFdYW5LNXDylI9UtU4=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiCEJJiqDgptiNywr2Ak0Mk+mkHTqThJmJUEPxVdy4UMSt7+HOt3F6WWjrDwMf/zmHc+YPU86Udpxva2l5ZXVtvbBR3Nza3tm19/abKskkoQ2S8ES2Q6woZzFtaKY5baeSYhFy2goHtXG99UClYkl8p4cp9QXuxSxiBGtjBfbhmXeFPJWJgBmoBTkb3VcCu+SUnYnQIrgzKMFM9cD+8roJyQSNNeFYqY7rpNrPsdSMcDoqepmiKSYD3KMdgzEWVPn55PoROjFOF0WJNC/WaOL+nsixUGooQtMpsO6r+drY/K/WyXR06ecsTjNNYzJdFGUc6QSNo0BdJinRfGgAE8nMrYj0scREm8CKJgR3/suL0KyUXafs3p6XqtezOApwBMdwCi5cQBVuoA4NIPAIz/AKb9aT9WK9Wx/T1iVrNnMAf2R9/gC2IJQY</latexit><latexit sha1_base64="A43tHZ33SRFdYW5LNXDylI9UtU4=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiCEJJiqDgptiNywr2Ak0Mk+mkHTqThJmJUEPxVdy4UMSt7+HOt3F6WWjrDwMf/zmHc+YPU86Udpxva2l5ZXVtvbBR3Nza3tm19/abKskkoQ2S8ES2Q6woZzFtaKY5baeSYhFy2goHtXG99UClYkl8p4cp9QXuxSxiBGtjBfbhmXeFPJWJgBmoBTkb3VcCu+SUnYnQIrgzKMFM9cD+8roJyQSNNeFYqY7rpNrPsdSMcDoqepmiKSYD3KMdgzEWVPn55PoROjFOF0WJNC/WaOL+nsixUGooQtMpsO6r+drY/K/WyXR06ecsTjNNYzJdFGUc6QSNo0BdJinRfGgAE8nMrYj0scREm8CKJgR3/suL0KyUXafs3p6XqtezOApwBMdwCi5cQBVuoA4NIPAIz/AKb9aT9WK9Wx/T1iVrNnMAf2R9/gC2IJQY</latexit>

+
X

i

C1
i

<latexit sha1_base64="I22aJpgcYa9+fXnxPnQtOMfU0x4=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWQRBKIoKCm2I3LivYCzQxTKaTduhkEmYmQg3FV3HjQhG3voc738bpZaGtPwx8/Occzpk/TDlT2nG+rcLS8srqWnG9tLG5tb1j7+41VZJJQhsk4Ylsh1hRzgRtaKY5baeS4jjktBUOauN664FKxRJxp4cp9WPcEyxiBGtjBfbBqXeFPJXFATNQC3I2uncDu+xUnInQIrgzKMNM9cD+8roJyWIqNOFYqY7rpNrPsdSMcDoqeZmiKSYD3KMdgwLHVPn55PoROjZOF0WJNE9oNHF/T+Q4VmoYh6Yzxrqv5mtj879aJ9PRpZ8zkWaaCjJdFGUc6QSNo0BdJinRfGgAE8nMrYj0scREm8BKJgR3/suL0DyruE7FvT0vV69ncRThEI7gBFy4gCrcQB0aQOARnuEV3qwn68V6tz6mrQVrNrMPf2R9/gC0nJQX</latexit><latexit sha1_base64="I22aJpgcYa9+fXnxPnQtOMfU0x4=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWQRBKIoKCm2I3LivYCzQxTKaTduhkEmYmQg3FV3HjQhG3voc738bpZaGtPwx8/Occzpk/TDlT2nG+rcLS8srqWnG9tLG5tb1j7+41VZJJQhsk4Ylsh1hRzgRtaKY5baeS4jjktBUOauN664FKxRJxp4cp9WPcEyxiBGtjBfbBqXeFPJXFATNQC3I2uncDu+xUnInQIrgzKMNM9cD+8roJyWIqNOFYqY7rpNrPsdSMcDoqeZmiKSYD3KMdgwLHVPn55PoROjZOF0WJNE9oNHF/T+Q4VmoYh6Yzxrqv5mtj879aJ9PRpZ8zkWaaCjJdFGUc6QSNo0BdJinRfGgAE8nMrYj0scREm8BKJgR3/suL0DyruE7FvT0vV69ncRThEI7gBFy4gCrcQB0aQOARnuEV3qwn68V6tz6mrQVrNrMPf2R9/gC0nJQX</latexit><latexit sha1_base64="I22aJpgcYa9+fXnxPnQtOMfU0x4=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWQRBKIoKCm2I3LivYCzQxTKaTduhkEmYmQg3FV3HjQhG3voc738bpZaGtPwx8/Occzpk/TDlT2nG+rcLS8srqWnG9tLG5tb1j7+41VZJJQhsk4Ylsh1hRzgRtaKY5baeS4jjktBUOauN664FKxRJxp4cp9WPcEyxiBGtjBfbBqXeFPJXFATNQC3I2uncDu+xUnInQIrgzKMNM9cD+8roJyWIqNOFYqY7rpNrPsdSMcDoqeZmiKSYD3KMdgwLHVPn55PoROjZOF0WJNE9oNHF/T+Q4VmoYh6Yzxrqv5mtj879aJ9PRpZ8zkWaaCjJdFGUc6QSNo0BdJinRfGgAE8nMrYj0scREm8BKJgR3/suL0DyruE7FvT0vV69ncRThEI7gBFy4gCrcQB0aQOARnuEV3qwn68V6tz6mrQVrNrMPf2R9/gC0nJQX</latexit><latexit sha1_base64="I22aJpgcYa9+fXnxPnQtOMfU0x4=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWQRBKIoKCm2I3LivYCzQxTKaTduhkEmYmQg3FV3HjQhG3voc738bpZaGtPwx8/Occzpk/TDlT2nG+rcLS8srqWnG9tLG5tb1j7+41VZJJQhsk4Ylsh1hRzgRtaKY5baeS4jjktBUOauN664FKxRJxp4cp9WPcEyxiBGtjBfbBqXeFPJXFATNQC3I2uncDu+xUnInQIrgzKMNM9cD+8roJyWIqNOFYqY7rpNrPsdSMcDoqeZmiKSYD3KMdgwLHVPn55PoROjZOF0WJNE9oNHF/T+Q4VmoYh6Yzxrqv5mtj879aJ9PRpZ8zkWaaCjJdFGUc6QSNo0BdJinRfGgAE8nMrYj0scREm8BKJgR3/suL0DyruE7FvT0vV69ncRThEI7gBFy4gCrcQB0aQOARnuEV3qwn68V6tz6mrQVrNrMPf2R9/gC0nJQX</latexit>
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3

Unitarity @ 1 loop

Every 1 loop amplitude can be decomposed in boxes, triangles, bubbles and tadpoles

[Ossola, Papadopoulos, Pittau, ’04] 
[Bern Dixon, Kosover, ’05] 
[Ellis, Kunszt, Melnikov, Zanderighi, ’08]

All Master integrals known analytically 
in terms of simple functions: 

logarithms, di-logarithms

Li2(x) = �
Z x

0

ln (1� t)

t
dt
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�qq̄!gg =

Z
[dPS] |Mqq̄!gg|2
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+ +

Double Virtual Real Virtual Double Real

~ O(5%) precision 

FIXED ORDER CALCULATIONS



�qq̄!gg =

Z
[dPS] |Mqq̄!gg|2
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In the last two decades, effort dedicated to understand two-loop scattering amplitudes  

Together with development of IR subtraction schemes 

Goal: breaking the NNLO frontier for  processes 

In parallel, first impressive results for  for  (Higgs and Drell-Yan) 

2 → 2

N3LO 2 → 1

FIXED ORDER CALCULATIONS

[Antennas, Stripper, ColorfulNNLO, Sector Improved, analytic sector subtraction,…]
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Rediscovered the SM, discovered the Higgs, 
and started doing precision physics  

Vector bosons, top quarks, Higgs couplings, 
jets, heavy flavours…

phenomenology and SM physics
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Standard Model Total Production Cross Section Measurements

Rediscovered the SM, discovered the Higgs, 
and started doing precision physics  

Vector bosons, top quarks, Higgs couplings, 
jets, heavy flavours…

phenomenology and SM physics formal developments

structure of scattering amplitudes: 

- unitarity, recursion relations, spinor 
helicity, color ordering, IBPs, DEs,…

Special functions in pQFT: 

- connections with algebraic geometry and 
number theory, polylogs, elliptic stuff, 
CYs, iterated integrals…

G(c1, c2, ..., cn, x) =

Z x

0

dt1
t1 � c1

G(c2, ..., cn, t1)

=

Z x

0

dt1
t1 � c1

Z t1

0

dt2
t2 � c2

...

Z tn�1

0

dtn
tn � cn
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3

IR divergences, factorisation in QCD, 
resummation, effective field theory…



“NEW” IDEAS TO SOLVE “OLD” PROBLEMS



PROBLEMS WITH PERTURBATIVE CALCULATIONS

To address typical calculation: standard approach (divide et impera)

Achieved in general by integration-by-part identities
[Chetyrkin, Tkachov ’81] 
[Laporta, Remiddi ’99]

= ∫
L

∏
i=1

dDki Ri(k1, . . . , kL, p1, . . . , pE, mj)

=
N

∑
i=1

Ri(x1, . . . , xr) ℐi(x1, . . . , xn)



To address typical calculation: standard approach (divide et impera)

PROBLEMS WITH PERTURBATIVE CALCULATIONS

=
N

∑
i=1

Ri(x1, . . . , xr) ℐi(x1, . . . , xn)

Achieved in general by integration-by-part identities
[Chetyrkin, Tkachov ’81] 
[Laporta, Remiddi ’99]

= ∫
L

∏
i=1

dDki Ri(k1, . . . , kL, p1, . . . , pE, mj)

Algebraic Complexity Analytic complexity

Master Integrals, Unitarity 
and Causality determine 
analytic structure of amplitude

Rational coefficients, factorial 
increase with number of 
particles and perturbative order



ALGEBRAIC COMPLEXITY

Tends to become overwhelming for   
1)  at 2 loops  
2)  at 3 loops 
3) For massive internal/external particles 

- Number of Feynman diagrams explodes:  @ 3 loops ~ 50k Feyn. diag. 
- Each diagram produces thousands of terms, compute ~  integrals 

2 → 3
2 → 2

gg → gg
𝒪(106)
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# Feynman Diagrams
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ALGEBRAIC COMPLEXITY: DIAGRAMS

Modern techniques to handle # of Feynman Diagrams:

= ∫
L

∏
i=1

dDki Ri(k1, . . . , kL, p1, . . . , pE, mj)

?



Modern techniques to handle # of Feynman Diagrams:

Extract helicity amplitudes from Feynman diagrams through “projector operators” in 
Conventional Dimensional Regularisation

- Cumbersome for  or multiple fermion lines (ex. ) 
[hundreds of projectors and form factors, spurious poles in  etc]

2 → 3 qq̄ → QQ̄
d → 4

= ∫
L

∏
i=1

dDki Ri(k1, . . . , kL, p1, . . . , pE, mj)

?

ALGEBRAIC COMPLEXITY: DIAGRAMS



Modern techniques to handle # of Feynman Diagrams:

Extract helicity amplitudes from Feynman diagrams through “projector operators” in 
Conventional Dimensional Regularisation

- Cumbersome for  or multiple fermion lines (ex. ) 
[hundreds of projectors and form factors, spurious poles in  etc]

2 → 3 qq̄ → QQ̄
d → 4

= ∫
L

∏
i=1

dDki Ri(k1, . . . , kL, p1, . . . , pE, mj)

?

- Big improvement by projecting in ’t Hooft Veltman scheme 
[Chen ’19]
[Peraro, Tancredi ’19, ’20]

ALGEBRAIC COMPLEXITY: DIAGRAMS

[Davis et al ’20]



- Big improvement by projecting in ’t Hooft Veltman scheme 

- Alternative: integrand reduction

Modern techniques to handle # of Feynman Diagrams:

Extract helicity amplitudes from Feynman diagrams through “projector operators” in 
Conventional Dimensional Regularisation

[Chen ’19]
[Peraro, Tancredi ’19, ’20]

[Badger et al ’12,…’18]
[Mastrolia et al ’10,…’16]

- Cumbersome for  or multiple fermion lines (ex. ) 
[hundreds of projectors and form factors, spurious poles in  etc]

2 → 3 qq̄ → QQ̄
d → 4

= ∫
L

∏
i=1

dDki Ri(k1, . . . , kL, p1, . . . , pE, mj)

?

ALGEBRAIC COMPLEXITY: DIAGRAMS

[Davis et al ’20]



Modern techniques to handle # of Feynman Diagrams:

Alternative approaches 

- attempts to construct “integrand” iteratively, generalising tree- and one-loop techniques

[Arkani-Hamed et al ’10; … Bourjaily et al ’20]

[Lang, Pozzorini, Zhang, Zoller ’20, ’21]

[Bern et al ’95; … BCFW ’05; …]

- generalising on-shell constructions for supersymmetric theories (N=4 SUSY etc)

As in our discussion of the BCFW bridge, this form can be easily understood by looking at the
deformations induced by the “1” inverse soft factors; the associated momentum-twistor geometry
turns out to be

exactly as needed. The picture is the same for taking the single cut of any Yangian-invariant object.
Note that we were able to identify the BCFW terms in a straightforward way since the residues

of the poles of the integrand have obvious “factorization” and “cut” interpretations. This is another
significant advantage of working with the integrand, since as is well known, the full loop amplitudes
(after integration) have more complicated factorization properties [74]. This is due to the IR
divergences which occur when the loop momenta becomes collinear to external particles, when
the integration is performed.

4.2 BCFW For All Loop Amplitudes

Putting the pieces together, we can give the recursive definition for all loop integrands in planar
N = 4 SYM as

= +

To be fully explicit, the recursion relation is

Mn,k,`(1, . . . , n) = Mn�1,k,`(1, . . . , n� 1)

+
X

nL,kL,`L;j

[j j+1 n�1 n 1] MR
nR,kR,`R(1, . . . , j, Ij)⇥ML

nL,kL,`L(Ij , j+1, . . . , bnj)

+

Z

GL(2)

[AB n 1 n 1]⇥Mn+2,k+1,`�1(1, . . . , bnAB, bA,B).

(29)

where nL + nR = n+ 2, kL + kR = k � 1, `L + `R = ` and the shifted momentum (super-)twistors
that enter are

bnj = (n 1 n)
T
(j j+1 1), Ij = (j j+1)

T
(n 1 n 1);

bnAB = (n 1 n)
T
(AB 1), bA = (AB)

T
(n 1 n 1).

(30)
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Fig. 3 Schematic representation of the on-the-fly helicity sums in (62). Taking the interference with the Born amplitude makes
it possible to sum over the helicities h1, . . . , hk of the first k dressed segments of an open loop, while the remaining segments are
still undressed.

and their sum yields

Vµ1...µr (œN , 0) =

=
ÿ

–1...–N

ÿ

h

”–1...–N Uµ1...µr (I–1...–N
N , h). (59)

The contribution of the diagrams (58) to the scattering
probability (1) reads

W1≠loop = Re
;⁄

dDq̄
V(œN , q, 0)
D̄0 · · · D̄N≠1

<
=

= Re
I

Rÿ

r=0
Vµ1...µr (œN , 0)

⁄
dDq̄

qµ1 · · · qµr

D̄0 · · · D̄N≠1

J
. (60)

In OpenLoops 1, the calculation of the coe�cients (59)
is entirely based on the open-loop approach, but the
reduction of the loop integrals (60) to scalar integrals,
as well as the numerical evaluation of the latter, are
performed by means of external libraries.

By default, OpenLoops 1 adopts the tensor represen-
tation on the rhs of (60) and computes the relevant
tensor integrals with the Collier library [19], which
implements the reduction techniques of [4, 63] and the
scalar integrals of [64]. One of the powerful features of
Collier lies in sophisticated analytic expansions [4]
that avoid dangerous numerical instabilities in phase
space regions with small Gram determinants.

Alternatively, the reduction to scalar integrals is per-
formed with Cuttools [10], and scalar integrals are
computed with OneLoop [65]. The Cuttools pro-
gram implements the OPP reduction method [5], which
is based on double, triple and quadruple cuts of the in-
tegrand on the lhs of (1). This requires a large num-
ber of evaluations of V(œN , q, 0), and the high e�-
ciency of the open-loop representation, V(œN , q, 0) =qR

r=0 Vµ1...µr (œN , 0) qµ1 · · · qµr , results in a dramatic
boost of the OPP method.

Another key feature behind the high speed of the open-
loop method is the fact that, irrespectively of the reduc-

tion method, the time-consuming reduction to scalar
integrals is performed after summing over colour and
helicity degrees of freedom.

3 Summing helicities and diagrams on-the-fly

In this section we introduce a new technique that makes
it possible to sum helicities and to merge di�erent one-
loop diagrams on-the-fly, i.e. after each step of the open-
loop dressing recursion. Besides boosting the open-loop
algorithm in a significant way, this approach is also a
key aspect of the on-the-fly reduction technique intro-
duced in the Section 4.

3.1 On-the-fly helicity summation

In the original formulation of the open-loop method, he-
licity sums (53) are performed at the end of the dressing
recursion. This implies that the kth dressing step (39)
needs to be performed for all helicity configurations of
the dressed segments S1, . . . , Sk. This feature, combined
with the fact that the number of relevant helicity states
and the cost of a single dressing step scale exponentially
with k, result in a very rapid growth of the CPU cost
of dressing operations in the course of the open-loop
recursion. To avoid this negative trend, in this section
we introduce a method that exploits the factorisation
properties of the open-loop representation (30) in a way
that makes it possible to perform helicity sums on-the-
fly, after the dressing of each new segment.

The idea, sketched in Fig. 3, is that, upon taking the
interference of open loops with the Born amplitude, it
is possible to sum over the helicities of all dressed seg-
ments, irrespectively of the presence of still undressed
segments. To introduce the technical aspects of this ap-
proach, let us rewrite the interference (53) between the
colour-summed Born term U0(IN , h) and the one-loop

[Buccioni, Pozzorini, Zoller ’18]

ALGEBRAIC COMPLEXITY: DIAGRAMS



Modern techniques to handle # of Feynman integrals:

=
N

∑
i=1

Ri(x1, . . . , xr) ℐi(x1, . . . , xn)
?
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Modern techniques to handle # of Feynman integrals:

=
N

∑
i=1

Ri(x1, . . . , xr) ℐi(x1, . . . , xn)
?

[Laporta 2000]

“Reduction coefficients”  extremely complicated. 

- Can be computed algorithmically solving IBPs 

- Each identity can be extremely complicated [~GB] 

- Final result for amplitude much simpler:  just  integrals!

Ri

∼ 𝒪(500)

ALGEBRAIC COMPLEXITY: INTEGRALS



Modern techniques to handle # of Feynman integrals:

Numerical methods (Finite Fields), avoid complexity in 
intermediate steps, reconstruct final result

[Manteuffel, Schabinger ’14]

[Peraro ’16, ’19]

alternative representation for rational functions: 
multivariate partial-fractioning

[Heller, Manteuffel ’21]

[Boehm, et al’20][Abreu et al ’18]

=
N

∑
i=1

Ri(x1, . . . , xr) ℐi(x1, . . . , xn)
?

[Laporta 2000]

[Remiddi,…, ’99…]

ALGEBRAIC COMPLEXITY: INTEGRALS

“Reduction coefficients”  extremely complicated. 

- Can be computed algorithmically solving IBPs 

- Each identity can be extremely complicated [~GB] 

- Final result for amplitude much simpler:  just  integrals!

Ri

∼ 𝒪(500)
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New results for  scattering amplitudes @ 2 loop2 → 3

Full Color qq̄ → γγg

Full Color gg → γγg

Leading color  

Leading color  
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pp → 3j

qq̄ → γγγ
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FIG. 4: The top two panels show R3/2(pT (j1)) (in absolute
and as ratio to NLO) and the bottom two panels R3/2(HT ).
The colours are the same as in fig. 1.

factor slightly decreases for large momenta, however, it
is always fully contained within the NLO scale band. An
important observation is that the NNLO scale band is
very small in comparison to NLO, reducing it from about
10% down to 3%.

Next we consider the lower two panels in fig. 4, where
we show the ratio R3/2(HT ) for a central scale µ0 =
HT /2. This observable behaves similarly to R3/2(pT (j1))
albeit with a slightly larger scale dependence. The re-
duction in the scale uncertainty when going from NLO
to NNLO is of particular importance since this observ-
able is used experimentally for measurements of ↵S [5].
The leading source of perturbative uncertainty in this
data–theory comparison is the scale dependence. The
pdf dependence, which is not computed in this work, is
expected to largely cancel out in the ratio.

Jet rates are typically measured in slices of jet rapidity.
To demonstrate how our calculation performs in this sit-
uation, we divide the phase space in slices of the rapidity
di↵erence between the two leading jets

y
⇤ = |y(j1) � y(j2)|/2 , (8)

FIG. 5: The three panels show R3/2(HT , y
⇤), in each panel a

di↵erent slice in y
⇤ as ratio to NLO. The colours are the same

as in fig. 1.

and define the ratio of the two- and three-jet rates as

R3/2(HT , y
⇤) =

d2
�3/dHT /dy

⇤

d2�2/dHT /dy⇤ . (9)

The NNLO prediction for this cross section ratio can
be found in fig. 5 . The prediction is shown relative to the
NLO one. The NNLO correction is negative across the
full kinematic range and, overall, behaves very similarly
to the one for the rapidity-inclusive ratio R3/2(HT ). This
remains the case as y

⇤ increases, at least in the range of
rapidities considered here.

IV. CONCLUSIONS

In this work we present for the first time NNLO-
accurate predictions for three-jet rates at the LHC. We
compute di↵erential distributions for typical jet observ-
ables like HT and the transverse momentum of the ith
leading jet, i = 1, 2, 3, as well as di↵erential three-to-two
jet ratios. Scale dependence is the main source of theoret-
ical uncertainty for this process at NLO, and it gets sig-
nificantly reduced after the inclusion of the NNLO QCD
corrections. Notably, the three-to-two jet ratios stabilize
once the second-order QCD corrections are accounted for.

A central goal of the present work is to demonstrate
the feasibility of three-jet hadron collider computations
with NNLO precision. With this proof-of-principle goal
attained, one can now turn one’s attention to the broad
landscape of phenomenological applications for three-
jet production at the LHC. Examples include studies of
event-shapes [6, 39, 40], determination of the running
of the strong coupling constant ↵s through TeV scales
and resolving the question of scale setting in multi-jet
production. Another major benefit from having NNLO–
accurate predictions is the reliability of the theory uncer-
tainty estimates.
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Figure 6: Same as Figure 5, but for the transverse momentum spectrum of each photon.

at LO since these two photons need to recoil against the hardest photon �1. As a consequence,
the LO cross section vanishes for ���1,�2 < 2⇡/3 and ���2,�3 > 2⇡/3, respectively. Those phase
space regions are filled only upon inclusion of real QCD radiation through higher-order corrections,
which is required to overcome the kinematic constraints at LO. Accordingly, the NLO (NNLO)
predictions in these regimes are e↵ectively only LO (NLO) accurate, which is reflected by the
increased size of both corrections and uncertainty bands. We find that back-to-back configurations
of �1 and �2 are still preferred at higher orders, whereas the distribution of the azimuthal separation
between �2 and �3 becomes much more uniform when adding higher-order corrections.

In the central plots of Figure 8 we show the invariant-mass and transverse-momentum distributions
of the three-photon system. The invariant-mass distribution peaks around 100GeV. Below the
peak the distribution falls o↵ steeply with a lower bound imposed by the phase space selection cut
m��� � 50 GeV. In that low m��� region radiative corrections increase quite strongly. By contrast,
higher-order corrections become successively smaller in the tail of the m��� distribution, which
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Figure 3. As in fig. 1 but for the angular distributions in �CS (left) and ��(��) (right).

cuts of 50 GeV, 100 GeV and 200 GeV. A summary of the same result (only the NLO and

NNLO are displayed) is shown in fig. 5 (right). Fig. 5 (center) shows the m(��) distributions

for several slices of pT (��).

From these plots it is clear that the m(��) distribution has a pattern of higher-order cor-

rections that is similar to pT (��): large NLO/LO corrections and much smaller NNLO/NLO

ones. The size of the NNLO corrections strongly depends on the pT (��) cut and they decrease

as the cut increases. For small values of the pT (��) cut the NNLO and NLO scale bands do

not overlap while they fully overlap for pT (��) cuts above 100 GeV. One may wonder if such

a behavior is related to the loop-induced contribution. In fig. 6 we have shown its e↵ect for

all pT (��) cuts considered in this work. From this one can conclude that indeed the size of

the loop-induced correction is consistent with the non-overlap of the NLO and NNLO scale

bands. This means that for theoretical predictions to be reliable with full NNLO accuracy

for pT (��) cuts below 100 GeV or so, the NLO corrections to the loop induced contributions

might need to be included.

In general, the e↵ect of the NNLO correction on the m(��) distribution is a rather flat

shift with respect to the NLO one and leads to a decrease of the scale uncertainty by a factor

of about two at low pT (��) and four or more at large pT (��). Another important source of

error is the MC integration one. The e↵ect from the leading color approximation in the finite

remainder is at the percent level and therefore insignificant.

In fig. 3 we show distributions in the angular variables �CS and ��(��) while in fig. 4 we

show the �y(��) and |y(��)| rapidity distributions. The �CS distribution in slices of m(��)

is shown in fig. 5 (left). All these distributions have very large NLO/LO K-factors. Unlike

the pT (��) and m(��) distributions, however, they also have sizable NNLO corrections which

in most bins are outside the NLO uncertainty bands. This pattern of higher order corrections

indicates that for the scale used in this work, the NLO approximation is inadequate for

describing these distributions.

– 6 –
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Figure 1: Di↵erential distributions in the transverse momentum pT (��) (left) and invariant mass m(��) (right) of the
diphoton system.

Figure 2: Di↵erential distributions in the Collins-Soper angle |cos �CS (��)| (left) the azimuthal decorrelation ��(��)
(right) of the diphoton system.

By inspecting the two-dimensional di↵erential distribution in m(��) and |�CS (��)|, Figure 4
(left), we observe that the relative magnitude of the NLO corrections decreases with increas-
ing m(��), while the corrections remain uniform in |�CS (��)| for all bins in m(��). The two-
dimensional di↵erential distribution in |y(��)| and pT (��) also shows the decrease of the correc-
tions towards larger pT (��). The decrease is more pronounced at forward rapidity than at central
rapidity.

Considering two-dimensional distributions in pT (��) and m(��), Figure 5, largely reproduces
the features of the one-dimensional distributions of Figure 1, both for distributions in bins of
pT (��) or for varying lower cut in pT (��). The only novel feature is a non-uniform shape in m(��)
for the highest bin in pT (��) (lowest curves in left Figure 5), which is indicative of the onset of

5
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FIG. 4: The top two panels show R3/2(pT (j1)) (in absolute
and as ratio to NLO) and the bottom two panels R3/2(HT ).
The colours are the same as in fig. 1.

factor slightly decreases for large momenta, however, it
is always fully contained within the NLO scale band. An
important observation is that the NNLO scale band is
very small in comparison to NLO, reducing it from about
10% down to 3%.

Next we consider the lower two panels in fig. 4, where
we show the ratio R3/2(HT ) for a central scale µ0 =
HT /2. This observable behaves similarly to R3/2(pT (j1))
albeit with a slightly larger scale dependence. The re-
duction in the scale uncertainty when going from NLO
to NNLO is of particular importance since this observ-
able is used experimentally for measurements of ↵S [5].
The leading source of perturbative uncertainty in this
data–theory comparison is the scale dependence. The
pdf dependence, which is not computed in this work, is
expected to largely cancel out in the ratio.

Jet rates are typically measured in slices of jet rapidity.
To demonstrate how our calculation performs in this sit-
uation, we divide the phase space in slices of the rapidity
di↵erence between the two leading jets

y
⇤ = |y(j1) � y(j2)|/2 , (8)

FIG. 5: The three panels show R3/2(HT , y
⇤), in each panel a

di↵erent slice in y
⇤ as ratio to NLO. The colours are the same

as in fig. 1.

and define the ratio of the two- and three-jet rates as

R3/2(HT , y
⇤) =

d2
�3/dHT /dy

⇤

d2�2/dHT /dy⇤ . (9)

The NNLO prediction for this cross section ratio can
be found in fig. 5 . The prediction is shown relative to the
NLO one. The NNLO correction is negative across the
full kinematic range and, overall, behaves very similarly
to the one for the rapidity-inclusive ratio R3/2(HT ). This
remains the case as y

⇤ increases, at least in the range of
rapidities considered here.

IV. CONCLUSIONS

In this work we present for the first time NNLO-
accurate predictions for three-jet rates at the LHC. We
compute di↵erential distributions for typical jet observ-
ables like HT and the transverse momentum of the ith
leading jet, i = 1, 2, 3, as well as di↵erential three-to-two
jet ratios. Scale dependence is the main source of theoret-
ical uncertainty for this process at NLO, and it gets sig-
nificantly reduced after the inclusion of the NNLO QCD
corrections. Notably, the three-to-two jet ratios stabilize
once the second-order QCD corrections are accounted for.

A central goal of the present work is to demonstrate
the feasibility of three-jet hadron collider computations
with NNLO precision. With this proof-of-principle goal
attained, one can now turn one’s attention to the broad
landscape of phenomenological applications for three-
jet production at the LHC. Examples include studies of
event-shapes [6, 39, 40], determination of the running
of the strong coupling constant ↵s through TeV scales
and resolving the question of scale setting in multi-jet
production. Another major benefit from having NNLO–
accurate predictions is the reliability of the theory uncer-
tainty estimates.
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Figure 6: Same as Figure 5, but for the transverse momentum spectrum of each photon.

at LO since these two photons need to recoil against the hardest photon �1. As a consequence,
the LO cross section vanishes for ���1,�2 < 2⇡/3 and ���2,�3 > 2⇡/3, respectively. Those phase
space regions are filled only upon inclusion of real QCD radiation through higher-order corrections,
which is required to overcome the kinematic constraints at LO. Accordingly, the NLO (NNLO)
predictions in these regimes are e↵ectively only LO (NLO) accurate, which is reflected by the
increased size of both corrections and uncertainty bands. We find that back-to-back configurations
of �1 and �2 are still preferred at higher orders, whereas the distribution of the azimuthal separation
between �2 and �3 becomes much more uniform when adding higher-order corrections.

In the central plots of Figure 8 we show the invariant-mass and transverse-momentum distributions
of the three-photon system. The invariant-mass distribution peaks around 100GeV. Below the
peak the distribution falls o↵ steeply with a lower bound imposed by the phase space selection cut
m��� � 50 GeV. In that low m��� region radiative corrections increase quite strongly. By contrast,
higher-order corrections become successively smaller in the tail of the m��� distribution, which
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Figure 3. As in fig. 1 but for the angular distributions in �CS (left) and ��(��) (right).

cuts of 50 GeV, 100 GeV and 200 GeV. A summary of the same result (only the NLO and

NNLO are displayed) is shown in fig. 5 (right). Fig. 5 (center) shows the m(��) distributions

for several slices of pT (��).

From these plots it is clear that the m(��) distribution has a pattern of higher-order cor-

rections that is similar to pT (��): large NLO/LO corrections and much smaller NNLO/NLO

ones. The size of the NNLO corrections strongly depends on the pT (��) cut and they decrease

as the cut increases. For small values of the pT (��) cut the NNLO and NLO scale bands do

not overlap while they fully overlap for pT (��) cuts above 100 GeV. One may wonder if such

a behavior is related to the loop-induced contribution. In fig. 6 we have shown its e↵ect for

all pT (��) cuts considered in this work. From this one can conclude that indeed the size of

the loop-induced correction is consistent with the non-overlap of the NLO and NNLO scale

bands. This means that for theoretical predictions to be reliable with full NNLO accuracy

for pT (��) cuts below 100 GeV or so, the NLO corrections to the loop induced contributions

might need to be included.

In general, the e↵ect of the NNLO correction on the m(��) distribution is a rather flat

shift with respect to the NLO one and leads to a decrease of the scale uncertainty by a factor

of about two at low pT (��) and four or more at large pT (��). Another important source of

error is the MC integration one. The e↵ect from the leading color approximation in the finite

remainder is at the percent level and therefore insignificant.

In fig. 3 we show distributions in the angular variables �CS and ��(��) while in fig. 4 we

show the �y(��) and |y(��)| rapidity distributions. The �CS distribution in slices of m(��)

is shown in fig. 5 (left). All these distributions have very large NLO/LO K-factors. Unlike

the pT (��) and m(��) distributions, however, they also have sizable NNLO corrections which

in most bins are outside the NLO uncertainty bands. This pattern of higher order corrections

indicates that for the scale used in this work, the NLO approximation is inadequate for

describing these distributions.
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Figure 1: Di↵erential distributions in the transverse momentum pT (��) (left) and invariant mass m(��) (right) of the
diphoton system.

Figure 2: Di↵erential distributions in the Collins-Soper angle |cos �CS (��)| (left) the azimuthal decorrelation ��(��)
(right) of the diphoton system.

By inspecting the two-dimensional di↵erential distribution in m(��) and |�CS (��)|, Figure 4
(left), we observe that the relative magnitude of the NLO corrections decreases with increas-
ing m(��), while the corrections remain uniform in |�CS (��)| for all bins in m(��). The two-
dimensional di↵erential distribution in |y(��)| and pT (��) also shows the decrease of the correc-
tions towards larger pT (��). The decrease is more pronounced at forward rapidity than at central
rapidity.

Considering two-dimensional distributions in pT (��) and m(��), Figure 5, largely reproduces
the features of the one-dimensional distributions of Figure 1, both for distributions in bins of
pT (��) or for varying lower cut in pT (��). The only novel feature is a non-uniform shape in m(��)
for the highest bin in pT (��) (lowest curves in left Figure 5), which is indicative of the onset of

5

Crucial developments in IR-subtraction 
methods to make this possible: 

[Antennae, Stripper, Colorful sub, Sector improved 
and variations, qT subtraction, N-jettiness slicing, …]



NEW RESULTS @ THREE LOOPS (TOWARDS N3LO)

- Subtraction methods not mature yet to address N3LO in full generality 

- Notable exceptions: - Higgs Production 

- Drell Yan process (  mediated) 

- VBF Higgs (Factorisable corrections)

γ, W±

[Anastasiou, Dulat, Duhr, Mistlberger et al ’14,…,’20]

[Dulat, Duhr, Mistlberger ’19,…,’21]

(  “special” does not require proper subtraction scheme)2 → 1

[Dreyer, Karlberg ’16]



NEW RESULTS @ THREE LOOPS (TOWARDS N3LO)

Recently progress on virtual 3 loop integrals 

And 3 loop amplitudes 

 

 

 

qq̄ → γγ

qq̄ → QQ̄

gg → γγ

pp → jj

- Higgs Production 

- Drell Yan process (  mediated) 

- VBF Higgs (Factorisable corrections)

γ, W±

[Anastasiou, Dulat, Duhr, Mistlberger et al ’14,…,’20]

[Dulat, Duhr, Mistlberger ’19,…,’21]

(  “special” does not require proper subtraction scheme)2 → 1

Towards  @ N3LO2 → 2

[Caola, Manteuffel, Tancredi ’20]

[Henn, Mistlberger, Wasser ’19]

} [in the making…]

- Subtraction methods not mature yet to address N3LO in full generality 

- Notable exceptions:

[Caola, Chakraborty, Gambuti, Manteuffel, Tancredi ’21]

[Dreyer, Karlberg ’16]



DIPHOTON PRODUCTION AT THREE LOOPS IN QCD



Diphoton is simplest, non-trivial place to start investigations of three loop amplitudes 
in realistic theories as QCD 

  non trivial for various reasons: 

- Relatively large number of Feynman diagrams (~3000) 

- Very non trivial IBP reduction needed ( rank-6 10 propagator NPL integrals ) 

But still relatively simple 

- Simple functions: 4 point massless @ 3 loops can be expressed in terms of HPLs 

- simpler color correlations and simpler IR structure than, say, 

qq̄ → γγ

gg → gg

Till recently, only results for 3 loop amplitudes in SUSY (N=4, N=8 SUGRA, etc..) 

[Henn, Mistlberger, Smirnov, Wasser ’19]

[Henn, Mistlberger ’19,’20]

SCATTERING AMPLITUDES AT 3 LOOPS



DI-PHOTON AS OF TODAY

The production of two photons has received lots of attention 

- One- and Two-loop scattering amplitudes known for 20 years  

- NNLO inclusive and recently exclusive over final state radiation [Catani, et al ’11, ’13, Campbel et al ’16]
[Chawdhry et al ’21]

- Various degrees of sophistication (resummation, PS, etc) [Alioli, et al ’10 …]

Important background for Higgs + New Physics 

Clean final state, high production rate, etc 

Interesting theory/exp questions: (IR sensitivity cone 
isolation…) [Gehrmann et al ’20]

Figure 17: Illustration of the perturbative convergence of the fixed-order predictions, for
the six measured ATLAS distributions.

– 31 –

[Anastasiou et al ’00; Bern 
et al ’00,’01,’03; Glover et 
al. ’00,’01,’03, …]

[Gehrmann et al ’20]



PUSHING UP TO THREE LOOPS

q(p1) + q̄(p2) → γ(p3) + γ(p4) , with p2
i = 0

Consider the production of 2 photons in quark-antiquark annihilation

s = (p1 + p2)2 , t = (p1 − p3)2 , and x = − t/s s > 0 , t < 0 0 < x < 1

Three-loop helicity amplitudes can be written, schematically in spinor helicity as

4

The results computed with the procedure discussed so
far contain both ultraviolet and infrared singularities. Up
to three loops, they can be written as follows

F i = �kl(4⇡↵) e
2
q

3X

k=0

⇣↵s,b

2⇡

⌘k
F

(k,b)
i , (14)

where e =
p
4⇡↵ is the electric charge, eq is the charge of

the incoming quark in units of e, ↵s,b is the bare strong
coupling and �kl carries the colour indices of the two in-
coming quarks. We remove ultraviolet singularities by
expressing our result in terms of the MS renormalised
coupling ↵s(µ):

F i = �kl(4⇡↵) e
2
q

3X

k=0

✓
↵s(µ)

2⇡

◆k

F
(k)
i . (15)

The relation between renormalised and bare coupling is
given by

S✏↵s,b = µ2✏↵s(µ)Z[↵s(µ)], (16)

with S✏ = (4⇡)�✏e��E✏ and

Z[↵] = 1�
�0

✏

⇣↵s

2⇡

⌘
+

✓
�2
0

✏2
�

�1

2✏

◆⇣↵s

2⇡

⌘2
+O(↵3

s) . (17)

The explicit form of the �-function coe�cient �0,1 is re-
ported in the supplemental material. For definiteness, we
will present our results for µ2 = s. It is straightforward
to obtain results at any other scale using renormalisation-
group arguments.

The renormalised form factors F
(k)
i of Eq. (15) still

contain infrared singularities. Their form is universal and
can be expressed in terms of the lower-order scattering
amplitudes as follows [88, 89]
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In these equations, the Ij are universal factors that only
depend on the center of mass energy of the coloured par-
tons s, on ✏ and on the QCD Casimirs CF = 4/3, CA = 3,
as well as on the number of light fermions nf . We spell
them out explicitly in the supplemental material. For our
discussion, it is only important to note that the function
Ii contains infrared poles up to order 2i, i.e. I1 ⇠ 1/✏2,

I2 ⇠ 1/✏4, I3 ⇠ 1/✏6. The finite remainders F
(k,fin)
i in

Eq. (18) are finite in the ✏ ! 0 limit, and contain all the
non-trivial physics information for the process Eq. (1).

As we have already mentioned, it is straightforward
to obtain the helicity amplitudes from our form factors
by evaluating the tensor structures T i for well-defined
helicity states, see Eq. (8). We stress once more that

for any helicity configuration one has T 5,�q�3�4 = 0. We
write for left-handed spinors ūL(p2) = h2| and uL(p1) =
|1] and for the the photon j of momentum pj

✏µj,�(qj) =
hqj |�µ

|j]
p
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, ✏µj,+(qj) =
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.

With these definitions we find
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(20)

Note that the remaining amplitudes for right-handed
quarks can be obtained by a charge-conjugation trans-
formation as follows

AR�3�4 = AL�⇤
3�

⇤
4
(hiji $ [ji]) , (21)

where �⇤
i indicates the opposite helicity of �i. Symmetry

under exchange of the two photons requires

�(x) = �(1�x), �(x) = �↵(x), ↵(1�x) = �↵(x), (22)

and at tree-level we find ↵ = � = 0 and � = � = 1.
Using the relations Eqs (19,20), we obtain the three-

loop renormalised finite remainders ↵(3,fin), �(3,fin),
�(3,fin), �(3,fin), defined in analogy to Eqs (15,18). This
represents the first three-loop calculation of a full four-
point QCD amplitude. Our result can be expressed in
terms of harmonic polylogarithms of weights 0 and 1,
or, alternatively, in terms of a more compact functional
basis consisting of 14 classical polylogarithms and the 9
functions

Li3,2(x, 1), Li3,2(1� x, 1), Li3,2(1, x),

Li3,3(x, 1), Li3,3(1� x, 1), Li3,3(x/(x� 1), 1),

Li4,2(x, 1), Li4,2(1� x, 1), Li2,2,2(x, 1, 1), (23)

which are two and three-fold nested sums in the conven-
tions of [83].4 In the latter representation, our three-loop

4 Note that PolyLogTools [86] uses a di↵erent convention for in-
dices and arguments compared to the ones we adopt here.
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The results computed with the procedure discussed so
far contain both ultraviolet and infrared singularities. Up
to three loops, they can be written as follows
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where e =
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4⇡↵ is the electric charge, eq is the charge of

the incoming quark in units of e, ↵s,b is the bare strong
coupling and �kl carries the colour indices of the two in-
coming quarks. We remove ultraviolet singularities by
expressing our result in terms of the MS renormalised
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given by
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The explicit form of the �-function coe�cient �0,1 is re-
ported in the supplemental material. For definiteness, we
will present our results for µ2 = s. It is straightforward
to obtain results at any other scale using renormalisation-
group arguments.

The renormalised form factors F
(k)
i of Eq. (15) still

contain infrared singularities. Their form is universal and
can be expressed in terms of the lower-order scattering
amplitudes as follows [88, 89]
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In these equations, the Ij are universal factors that only
depend on the center of mass energy of the coloured par-
tons s, on ✏ and on the QCD Casimirs CF = 4/3, CA = 3,
as well as on the number of light fermions nf . We spell
them out explicitly in the supplemental material. For our
discussion, it is only important to note that the function
Ii contains infrared poles up to order 2i, i.e. I1 ⇠ 1/✏2,

I2 ⇠ 1/✏4, I3 ⇠ 1/✏6. The finite remainders F
(k,fin)
i in

Eq. (18) are finite in the ✏ ! 0 limit, and contain all the
non-trivial physics information for the process Eq. (1).

As we have already mentioned, it is straightforward
to obtain the helicity amplitudes from our form factors
by evaluating the tensor structures T i for well-defined
helicity states, see Eq. (8). We stress once more that

for any helicity configuration one has T 5,�q�3�4 = 0. We
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Note that the remaining amplitudes for right-handed
quarks can be obtained by a charge-conjugation trans-
formation as follows

AR�3�4 = AL�⇤
3�

⇤
4
(hiji $ [ji]) , (21)

where �⇤
i indicates the opposite helicity of �i. Symmetry

under exchange of the two photons requires

�(x) = �(1�x), �(x) = �↵(x), ↵(1�x) = �↵(x), (22)

and at tree-level we find ↵ = � = 0 and � = � = 1.
Using the relations Eqs (19,20), we obtain the three-

loop renormalised finite remainders ↵(3,fin), �(3,fin),
�(3,fin), �(3,fin), defined in analogy to Eqs (15,18). This
represents the first three-loop calculation of a full four-
point QCD amplitude. Our result can be expressed in
terms of harmonic polylogarithms of weights 0 and 1,
or, alternatively, in terms of a more compact functional
basis consisting of 14 classical polylogarithms and the 9
functions

Li3,2(x, 1), Li3,2(1� x, 1), Li3,2(1, x),

Li3,3(x, 1), Li3,3(1� x, 1), Li3,3(x/(x� 1), 1),

Li4,2(x, 1), Li4,2(1� x, 1), Li2,2,2(x, 1, 1), (23)

which are two and three-fold nested sums in the conven-
tions of [83].4 In the latter representation, our three-loop

4 Note that PolyLogTools [86] uses a di↵erent convention for in-
dices and arguments compared to the ones we adopt here.
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The explicit form of the �-function coe�cient �0,1 is re-
ported in the supplemental material. For definiteness, we
will present our results for µ2 = s. It is straightforward
to obtain results at any other scale using renormalisation-
group arguments.

The renormalised form factors F
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can be expressed in terms of the lower-order scattering
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In these equations, the Ij are universal factors that only
depend on the center of mass energy of the coloured par-
tons s, on ✏ and on the QCD Casimirs CF = 4/3, CA = 3,
as well as on the number of light fermions nf . We spell
them out explicitly in the supplemental material. For our
discussion, it is only important to note that the function
Ii contains infrared poles up to order 2i, i.e. I1 ⇠ 1/✏2,
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Eq. (18) are finite in the ✏ ! 0 limit, and contain all the
non-trivial physics information for the process Eq. (1).

As we have already mentioned, it is straightforward
to obtain the helicity amplitudes from our form factors
by evaluating the tensor structures T i for well-defined
helicity states, see Eq. (8). We stress once more that
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Note that the remaining amplitudes for right-handed
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and at tree-level we find ↵ = � = 0 and � = � = 1.
Using the relations Eqs (19,20), we obtain the three-

loop renormalised finite remainders ↵(3,fin), �(3,fin),
�(3,fin), �(3,fin), defined in analogy to Eqs (15,18). This
represents the first three-loop calculation of a full four-
point QCD amplitude. Our result can be expressed in
terms of harmonic polylogarithms of weights 0 and 1,
or, alternatively, in terms of a more compact functional
basis consisting of 14 classical polylogarithms and the 9
functions

Li3,2(x, 1), Li3,2(1� x, 1), Li3,2(1, x),
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which are two and three-fold nested sums in the conven-
tions of [83].4 In the latter representation, our three-loop
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Can be written in terms of simple functions

PUSHING UP TO THREE LOOPS

q(p1) + q̄(p2) → γ(p3) + γ(p4) , with p2
i = 0

Consider the production of 2 photons in quark-antiquark annihilation

s = (p1 + p2)2 , t = (p1 − p3)2 , and x = − t/s s > 0 , t < 0 0 < x < 1
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Figure 1: The real part of the three-loop finite remainder functions ↵
(3),fin(x) and �

(3),fin(x) which determine the helicity
amplitudes AL�� and AL�+, respectively, for uū ! �� and µ

2 = s.

amplitudes can be evaluated in fractions of a second in
one phase space point. Although the result is relatively
compact, it is too long to be presented here. We attach it
in electronic format to the arXiv submission of this letter
and in the ancillary files of the published paper. In Fig. 1
we show a numerical evaluation of our analytic result
for all independent finite remainder functions through to
three loops. While only the real parts are shown here,
we note that the imaginary parts of the loop corrections
can actually exceed their real parts substantially in the
case of �.

Before concluding, we list some of the checks that we
have performed to verify the correctness of our calcula-
tion. We have performed the tree-level, one- and two-
loop computation from scratch using our setup, and ob-
tained agreement for the finite reminders at O(✏0) with
results in the literature [10]. From Eq. (18) it follows,

that to extract F
(3,fin)
i , one also requires the one and two

loop results expanded up to order ✏4 and ✏2, respectively.
To check their correctness, we have abelianised the result
of [49] and checked against the abelian part of our results
up to weight six. As we have mentioned, Bose symmetry
relates amplitudes of di↵erent helicities. We have verified
that our helicity amplitude coe�cients up to three loops
display the Bose symmetry properties in Eq. (22).

A non-trivial aspect of our calculation is the analytic
continuation of all the required integrals to the physical
region. To check our procedure, we verified that our so-
lutions are consistent with the boundary values for the
master integrals that can be inferred by imposing reg-
ularity conditions on their di↵erential equations. This
allowed us to relate complicated four-point integrals to
simpler two- and three-point ones (see [90] for a com-
pilation), whose analytic continuation is straightforward.
Moreover, we used Reduze 2 to find non-trivial symmetry
relations among the master integrals and their crossings
and verified that they are all satisfied by our analytic
results. In addition, we checked the finite part of the

two-loop integrals against the literature and some of the
simple three-loop integrals against secdec [91] . Finally,
the most powerful check of the correctness of our result is

that the remainders F
(3,fin)
i are in fact finite in the ✏ ! 0

limit. This also tests in a non-trivial way our analytic
continuation procedure, as it links three-loop integrals
with lower loop ones.

In conclusion, in this letter we have reported the first
calculation of a three-loop four-point scattering ampli-
tude in full QCD. We have obtained our results by defin-
ing a minimal set of projectors that allowed us to extract
all the information required to reconstruct the helicity
amplitudes. Our result can be expressed in terms of clas-
sical polylogarithms plus a handful of multiple polyloga-
rithms, and it is very compact for a QCD amplitude of
this type. The methods we employed for this calculation
are generic and can be used to compute the three-loop
helicity amplitudes for 2 ! 2 scattering of massless par-
tons in QCD. We leave this for future investigations.
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The results computed with the procedure discussed so
far contain both ultraviolet and infrared singularities. Up
to three loops, they can be written as follows
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4⇡↵ is the electric charge, eq is the charge of

the incoming quark in units of e, ↵s,b is the bare strong
coupling and �kl carries the colour indices of the two in-
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The explicit form of the �-function coe�cient �0,1 is re-
ported in the supplemental material. For definiteness, we
will present our results for µ2 = s. It is straightforward
to obtain results at any other scale using renormalisation-
group arguments.

The renormalised form factors F
(k)
i of Eq. (15) still

contain infrared singularities. Their form is universal and
can be expressed in terms of the lower-order scattering
amplitudes as follows [88, 89]
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In these equations, the Ij are universal factors that only
depend on the center of mass energy of the coloured par-
tons s, on ✏ and on the QCD Casimirs CF = 4/3, CA = 3,
as well as on the number of light fermions nf . We spell
them out explicitly in the supplemental material. For our
discussion, it is only important to note that the function
Ii contains infrared poles up to order 2i, i.e. I1 ⇠ 1/✏2,

I2 ⇠ 1/✏4, I3 ⇠ 1/✏6. The finite remainders F
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Eq. (18) are finite in the ✏ ! 0 limit, and contain all the
non-trivial physics information for the process Eq. (1).
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to obtain the helicity amplitudes from our form factors
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helicity states, see Eq. (8). We stress once more that
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Note that the remaining amplitudes for right-handed
quarks can be obtained by a charge-conjugation trans-
formation as follows

AR�3�4 = AL�⇤
3�

⇤
4
(hiji $ [ji]) , (21)

where �⇤
i indicates the opposite helicity of �i. Symmetry

under exchange of the two photons requires

�(x) = �(1�x), �(x) = �↵(x), ↵(1�x) = �↵(x), (22)

and at tree-level we find ↵ = � = 0 and � = � = 1.
Using the relations Eqs (19,20), we obtain the three-

loop renormalised finite remainders ↵(3,fin), �(3,fin),
�(3,fin), �(3,fin), defined in analogy to Eqs (15,18). This
represents the first three-loop calculation of a full four-
point QCD amplitude. Our result can be expressed in
terms of harmonic polylogarithms of weights 0 and 1,
or, alternatively, in terms of a more compact functional
basis consisting of 14 classical polylogarithms and the 9
functions

Li3,2(x, 1), Li3,2(1� x, 1), Li3,2(1, x),

Li3,3(x, 1), Li3,3(1� x, 1), Li3,3(x/(x� 1), 1),

Li4,2(x, 1), Li4,2(1� x, 1), Li2,2,2(x, 1, 1), (23)

which are two and three-fold nested sums in the conven-
tions of [83].4 In the latter representation, our three-loop

4 Note that PolyLogTools [86] uses a di↵erent convention for in-
dices and arguments compared to the ones we adopt here.

Crucial ingredient: understanding the integrals and the analytic structure of the functions involved!
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ANALYTIC COMPLEXITY
Feynman integrals are building blocks of analytic complexity

Algebraic variety “broadly defined” by the Symanzik polynomials

ℐ(a1, . . . , an) =
(−1)ω+dΓ(d /2)

Γ((L + 1)d /2 − ω) (
n

∏
k=1

∫
∞

0

xak−1
k dxk

Γ(ak) )(𝒰 + ℱ)−d/2 ,

=
N

∑
i=1

Ri(x1, . . . , xr) ℐi(x1, . . . , xn)
?

[Lee, Pomeransky ’13]



ANALYTIC COMPLEXITY
Feynman integrals are building blocks of analytic complexity

=
N

∑
i=1

Ri(x1, . . . , xr) ℐi(x1, . . . , xn)
?

[Brown ’11, ‘13]

Topology of this variety determines complexity of the problem!

[Brödel, Duhr et al ’17,’18]
[Primo, Tancredi ’16,’17]
[Sogaard, Zhang et al ’15,’16]

fascinating connections to 
string theory and pure math

[Weinzierl et al ’13,…,’19]

[Bourjaily et al ’18,’19]
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WHAT DOES IT MEAN TO BE ANALYTIC?

In which sense do we call this an analytic result? Written in terms of known 
functions!

Functional relations under control: 
No hidden zeros! 

 log 1/x + log x = 0

Branch cuts under control,  
log(x ± iϵ) = log x ± iπ

Argument transformation and Series 
expansion for numerical evaluation 

log(1 + x) = x −
x2

2
+

x3

3
−

x4

4
+ O (x5)



ANALYTICAL METHODS
Computing the integrals analytically exceptional effort

Direct integration
Differential Equations 

Theory of special functions 

( multiple polylogarithm, Elliptic 
Polylogarithms, Iterated integrals )

Linear reducibility
[Brown, Panzer, ’11,..,’14]

[Kotikov ’90, Remiddi ’97]
[Kotikov ’10, Henn ’13]

[Primo, Tancredi ’16,’17]
[Bosma, Sogaard Zhang ’17]
[Frellesvig, Papadopoulos ’17]

[Papadopoulos ’14]

[Harley, Moriello, Schabinger ’17]

[Argeri et al ’13] [Remiddi, Vermaseren ’99]
[Goncharov, ’95,’00]
[Brown, ’10]

[Brödel, Duhr, Dulat, Tancredi, ’20]
[Brödel, Schlotterer, ’17, ’18]

[Remiddi, Tancredi, ’16, ’17]
[Weinzierl et al  ’13,…, ’19]
[Ablinger, Blümlein et al, ’14,…,’18]

[Duhr Gangl, Rodhes, ’13]

[Lee ’14]



Latest success: all master integrals for  massless 
scattering at 2 loops — “pentagon functions” — 

2 → 3

ANALYTICAL METHODS
Computing the integrals analytically exceptional effort

Direct integration Theory of special functions 

( multiple polylogarithm, Elliptic 
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[Chicherin, Sotnikov, ’20][Abreu, Corder, Ita, Page, et al ’18]
[Papadopoulos, Tommasini, Wever ’19][Canko, Papadopoulos, Syrrakos ’20]

Differential Equations 
[Kotikov ’90, Remiddi ’97]
[Kotikov ’10, Henn ’13]

[Primo, Tancredi ’16,’17]
[Bosma, Sogaard Zhang ’17]
[Frellesvig, Papadopoulos ’17]

[Papadopoulos ’14]
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[Argeri et al ’13] [Lee ’14]
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[Jones et al ’16,…,’20]

Most notably:  

 with top quarks 

but also ZZ, H+j etc…

gg → HH
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core using KIRA 2.0 [32]; speed strongly depends on fast read/write access to disk drives.
Each reduction requires between 3 and 4 gigabytes of memory. The short runtime and low
memory consumption enable straightforward parallelisation for a large number of phase
space points.

The approach to integral reduction described here is in variance to our approach in pre-
vious work [11] where reductions were performed with s and t as free parameters. We kept
the reductions tractable by projecting integrals onto one master integral at a time which,
however, in turn made bookkeeping more involved. We find the strategy adopted in the
present calculation with straightforward parallelisation and compact univariate reduction
tables to be more efficient.

3 Numerical evaluation

Having expressed the full amplitude through master integrals, we need to evaluate them.
The master integrals are defined as follows

I(a1, . . . , a9) =

Z  2Y

n=1

e✏�E
ddln
i⇡d/2

!
1

Da1
1 Da2

2 · · ·Da9
9

, (3.1)

where Di are denominators that appear in one of the 15 families given in appendix B. Their
topologies are shown in figure 1. Note that we absorb a factor of �i(4⇡)2�✏e✏�E per loop
into the definition of the master integrals.

(a) planar no. 1 (b) planar no. 2 (c) planar no. 3

(d) planar no. 4 (e) planar no. 5 (f) planar no. 6

(g) nonplanar no. 1 (h) nonplanar no. 2 (i) nonplanar no. 3

Figure 1: Topologies of integral families. Solid and dashed lines correspond to massive
and massless particles respectively. Internal massive particles have mass mt while external
massive particles have mass mZ . The first 5 planar topologies and nonplanar no. 3 can be
crossed (p1 $ p2) giving a total of 15 topologies.

To compute the 205 two-loop master integrals we follow the same procedure as described
in ref. [11] and employ the auxiliary mass flow method [12, 13]. We construct a system of

– 6 –

Amplitude LLLL LRLL

G[CA]

G[CF]

G[42]

Table 3: Interference of the finite remainders of the two-loop amplitude and the leading
order amplitude as functions of � and cos ✓. See eqs. (4.6) and (4.7) for details. The
renormalisation scale is set to µ = mZ = 91 GeV.

– 12 –

 @ 2 loops with top quarksgg → ZZ

[Brønnum-Hansen, Wang ’20, ’21]

Semi-numerical differential equations “in ”iϵ
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expansion for small external masses
 NLO with top quarksgg → ZH

[Wang, Xu, Xu, Yang ’21]

Many other results: recently, expansion 
in  for  and pT gg → HH gg → ZH

[Bonciani et al ’19; Alasfar et al ‘21]

Alternative: Series expansion in small/big parameters

[Davis, Mishima, Steinhauser ’20]

(a)

(b) (c)

Figure 2: (a) LO squared amplitude and (b) ratio of expansions to the exact result.
Plot (c) is a zoomed-in version of (b). Note that for better readability in (a) no quartic
corrections are shown; the black curve in (a) refers to the exact result and the blue curve
(and associated uncertainty band) is the result obtained from Padé approximation.

harder to compute, however, so in the NLO results we will restrict the approximation to
the quadratic corrections only. The solid blue curve and associated uncertainty band
in Fig. 2(a) shows the result of a procedure to improve the expansions based on Padé
approximants, which is discussed in more detail in Section 5. Here it is based on the
expansion to quadratic order in mH and mZ , confirming that our computation of the
NLO amplitude only to this order is su�cient.

In Fig. 2 and in the following sections, we use the following parameter values:

mZ = 91.1876 GeV, mt = 172.9 GeV, mH = 125.1 GeV, GF = 1.16638⇥10�5GeV�2
.(14)

8

5

µr = µf �
gg

LO
�
gg

NLO
�
no gg

pp!ZH
�pp!ZH �

gg,mt!1
NLO

�
mt!1
pp!ZH

MZH/3 73.56(7) 129.4(3) 784.0(7) 913.4(7) 133.6(6) 917.6(9)

MZH 51.03(5) 101.7(2) 781.1(7) 882.9(7) 106.0(4) 887.2(8)

3MZH 36.62(4) 80.4(2) 780.7(8) 861.1(8) 84.0(3) 864.8(9)

TABLE II. The total cross sections for pp ! ZH and its subprocess gg ! ZH at the 13 TeV LHC. �no gg

pp!ZH
is the cross

section without the gg ! ZH subprocess, obtained using the program package vh@nnlo [5–10, 16, 18, 47–49]. �
gg

LO
and �

gg

NLO

are the LO and NLO cross sections for gg ! ZH, in which the NLO contribution is one of the main new results of this Letter.
�pp!ZH = �

no gg

pp!ZH
+ �

gg

NLO
represents the state-of-the-art fixed-order predictions for this process. In the last two columns, we

show in comparison the results in the heavy top limit given by vh@nnlo.
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FIG. 3. The LO and NLO di↵erential cross sections in the
gg ! ZH channel with respect to the ZH invariant mass in
the range 200 GeV 6 MZH 6 800 GeV at the 13 TeV LHC.
The lower panel shows the ratios to the LO central values.

scale for the vertical axis to access the distributions in
the broad range 200 GeV 6 MZH 6 2500 GeV, while
the lower plot shows the ratios to the central values of
the LO di↵erential cross sections. It is clear that the
sizes of the corrections are kinematics-dependent, and it
is not su�cient to use a uniform K-factor to rescale the
LO di↵erential cross sections. The NLO corrections are
rather large across the whole range, especially around the
peak and to the far tail. The significant corrections in the
tail region have important implications for new physics
searches, since new phenomena are usually most evident
in the high energy regime. The boosted region is also rel-
evant when using jet substructure techniques to measure
the hadronic decays of the Higgs boson [50].

The corrections in the peak region, on the other hand,
are the most important to the total cross section. To see
the peak region more clearly, we show the MZH distribu-
tions in a narrower range in Fig. 3, with a linear vertical
axis. It can be seen that the total cross section receive its
most contributions from regions around the 2mt thresh-
old, where the NLO corrections are significant. The ratio
plot also shows a small kink at the 2mt threshold, which

comes from the Coulomb-type enhancement in that re-
gion entering at NLO.
Finally, we envision a possible future high-energy up-

grade of the LHC (HE-LHC) operating at a center-of-
mass energy of 27 TeV. In Table III we list the results
for the total cross section at 27 TeV. Again, the NLO
corrections are significant, with the top quark mass ef-
fect slightly larger than that in the 13 TeV case. The
di↵erential cross sections can also be easily computed,
which we leave for future investigations.

CONCLUSION

In this Letter, we present for the first time a calcula-
tion of the complete NLO corrections to the gg ! ZH

process. We use the method of small mass expansion
to tackle the most challenging two-loop virtual ampli-
tude, in which the top quark mass dependence is retained
throughout the calculations. We compare our results
of the two-loop amplitude with the purely numeric re-
sults from pySecDec. We find that at phase-space points
where the pySecDec is precision enough, the relative de-
viations of our results are much smaller than 0.1%. We
have also demonstrated the excellent convergence of the
small mass expansion in the entire phase space, which
makes us confident that the expansion up to O(m4) is
su�cient for phenomenological applications.
We employ the dipole subtraction method to combine

the virtual corrections with the real radiation contribu-
tions, and find that the IR divergences all cancel out.
This allows us to give numeric predictions for the total
and di↵erential cross sections at the NLO. We add the
contributions from the qq̄ channel to obtain the state-of-
the-art fixed order predictions for the total cross sections,
which amount to �pp!ZH = 882.9+3.5%

�2.5% fb at the 13 TeV

LHC, and �pp!ZH = 2.555+4.0%
�2.7% pb at the 27 TeV HE-

LHC. We further present our results for a representative
di↵erential cross section: the invariant mass distribution
of the Z boson and the Higgs boson. We demonstrate
that our method can provide reliable predictions for the
di↵erential cross sections from the low energy region all
the way up to the highly-boosted regime. Our results
are necessary ingredients towards reducing the theoret-
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Figure 3: ��̂virt defined by eq.(26), shown as a function of MZH . The
various orders of the pT -expansion are plotted as dashed lines, while the
black and red continuous lines stand for the LME and reweighted mt ! 1

results, respectively.

on a standard laptop in a few hours. Thus, our computation of the two-loop
virtual corrections in gg ! ZH is suitable to be used within a Monte Carlo
code.

7 Conclusion

In this paper, we computed the two-loop NLO virtual corrections to the
gg ! ZH process. Among the two-loop Feynman diagrams contributing to
the process, the ones belonging to the triangle and double-triangle topol-
ogy were computed exactly. The ones belonging to the box topology, which
contain multiscale integrals, were evaluated via an expansion in the Z trans-
verse momentum. This novel approach of computing a process in the forward
kinematics was originally proposed in ref.[18] for double Higgs production
where the particles in the final state have the same mass. In this paper,
we extended the method to the more general case of two di↵erent masses in
the final state and to a process whose amplitude is not symmetric under the

13

expansion for large top mass  
NLO with top quarks

gg → ZH



MANY OTHER INTERESTING RESULTS
Impossible to do justice for all the impressive results achieved in the past years…

First results  with masses:  and  production2 → 3 Wbb̄ Hbb̄

QCD+EW corrections are becoming the standard, see for example 

- DY QCD-EW 

- W mass studies 

- W/Z, ZZ, WW,… production 

[Heller et al ’20,’21]

[Behring et al ’21]

[Badger et al ’20, ’21]

4-loop QCD Form Factors, anomalous dimensions [Huber, Manteuffel et al ’19,’20]

[Brüser, Dlapa, Henn et al ’18,…,’20]

Intersection numbers for Feynman integrals [Mizera, Mastrolia et al ’18,…,’20]

Loop-Tree duality for local observables [Hirschi et al ’19,….’21]
[Bobadilla et al ’18,….’21]

[Denner et al, …., Dittmaier et al ’17…,’21]



CONCLUSIONS
➤ past years have seen increasing interest for methods for calculations in 

perturbative Quantum Field Theory 

➤ Learned a lot about QFT and also provided new pheno results 

➤ Advances in all directions: higher orders (NNLO and N3LO), more 
masses (tops, W, Z, H etc), more final state particles, QCD+EW mixed 
corrections etc etc 

➤ Very new ideas: finite field arithmetic, algebraic geometry for special 
functions, intersection theory, multi-variate partial fractioning, new 
flexible semi-numerical methods… 

➤ Lots of new results, lots of pheno are awaiting, just in time for run 3 and 
HL-LHC :-) !!!



THANK YOU VERY MUCH!


